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Abstract
This dissertation describes the characterization of an inherently inhomogeneous
medium capable of shear thickening. An aqueous suspension of cornstarch represents
an important exemplar of such physical systems. The physics underlying the behavior
of such shear thickening suspensions is incompletely understood. Characterization of
these suspensions may provide valuable clues into the underlying mechanisms that
result in shear thickening behavior. The goal of this thesis is to characterize the
acoustic properties of suspensions of cornstarch in density-matched cesium chloride
aqueous solutions. A review of the literature indicated that almost no information
concerning the ultrasonic characteristics of suspensions of starches had been reported
other than studies monitoring the gelatinization of starches not relevant to the shear
stiﬀening of ungelatinized suspensions. Each chapter began with a discussion and
validation of the specific experimental techniques and methods of analysis necessary
for each type of measurement. Ultrasonic measurement of the group velocity, the
frequency-dependent attenuation properties, the frequency-dependent phase velocity,
and the frequency-dependent backscatter properties of the suspensions of cornstarch
are reported. Initially counterintuitive results including negative (phase velocity) disii

persion and a decrease in the measured backscatter coeﬃcient with increasing particle
concentration are understood in terms of widely accepted physical models. In sum,
these studies represent an advancement of the understanding of the physics underlying the interaction between ultrasound and suspensions and lay the groundwork for
future studies probing the physics of the shear thickening.
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6.1

Shadowed reflector setup for the broadband phase velocity measurements. The transducer is aligned with the steel reflector. The sample
is placed in between the transducer and the reflector but in this case
is not touching the reflector. . . . . . . . . . . . . . . . . . . . . . . .
6.2 Through transmission setup for the broadband phase velocity measurements. The two transducers are aligned with each other. The sample
is placed between the two transducers for the sample measurement. .
6.3 The comparison of the accumulation of phase for both reference and
sample measurement as a function of distance. The transmitting and
receiving transducer are shown in the figure to help connect the phase
accumulation with the physical measurement. . . . . . . . . . . . . .
6.4 The comparison of the accumulation of phase for both the reference
and sample measurements as a function of distance up until the back
wall of the sample. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.5 A magnified portion of Figure 6.4 to highlight the diﬀerence in the
accumulation of phase between the reference and sample signal over
the sample thickness. . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.6 The comparison of the accumulation of phase for both the reference and
sample measurements as a function of distance from the transmitting
transducer to the receiving transducer . . . . . . . . . . . . . . . . .
6.7 A magnified portion of Figure 6.6 to highlight that both signals accumulate phase at the same rate once the sample signal has moved
through the sample. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.8 Both the sample and reference phase start at an arbitrary phase dependent on the experimental setup. This figure shows the starting point
of the phase accumulation. . . . . . . . . . . . . . . . . . . . . . . . .
6.9 This phase plot shows the accumulation of the sample and reference
phase in the host medium before reaching the sample. They both travel
the same path up to this point so they accumulate phase at the same
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accumulated thus far would require many revolutions around the phase
plot. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.10 The accumulation of phase as the sample signal goes through the
sample and the reference signal continues to travel through the host
medium. In this example, the sample phase velocity is assumed to be
greater than the host medium’s phase velocity so the reference phase
accumulates more quickly over this distance. . . . . . . . . . . . . . .
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6.11 The accumulation of phase after the sample signal has passed through
the sample. At this point both the reference and the sample signal
traverse the same distance in the host medium so the phase diﬀerence
does not change over this region. . . . . . . . . . . . . . . . . . . . .
6.12 An example reference signal is shown. Both the reference b-delay time
and the time shift are labeled. . . . . . . . . . . . . . . . . . . . . . .
6.13 A visual explanation of phase wrapping demonstrating how a small
change in phase leads to a large jump in the phase angle because of
how the phase angle is found. The accumulated phase is shown in grey
and the phase angle is shown in black. . . . . . . . . . . . . . . . . .
6.14 The phase angle is plotted for a signal that has been shifted to the
beginning of the trace and the same signal unshifted. The rapid phase
wrapping evident in the bandwidth if the signal is not shifted is readily
apparent. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.15 The phase velocity calculated using five diﬀerent phase sheet oﬀsets.
The large variation in the phase velocity with the phase sheet oﬀset
is apparent. The error bars (±3 m/s) were not plotted on the figure
because they were too small to be seen on this scale. . . . . . . . . .
6.16 Shadowed reflector setup for the narrowband phase velocity measurements. The transducer is aligned with the steel reflector. The sample
is placed in between the transducer and the reflector but in this case is
not touching the reflector. For the sample measurement, the reflection
oﬀ of the steel reflector through the sample, the reflection oﬀ of the
back wall of the sample, and the reflection oﬀ of the front wall of the
sample are all signals of interest. The reference measurement involves
the reflection oﬀ the steel reflector in the absence of a sample. . . . .
6.17 The electronic setup for the narrowband phase velocity shadowed reflector measurement. . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.18 The experimentally measured attenuation coeﬃcient for LuciteTM a
medium with approximately linear with frequency dependence. The
linear fit line is displayed to show the reasonableness of the fit. The
slope from this fit will be in units of dB/cm/MHz and must be converted to the proper units before the Kramers-Kronig prediction can be
made. The error bars are the experimentally measured standard deviation in the data. The error bars are only plotted at a few frequencies
across the bandwidth. . . . . . . . . . . . . . . . . . . . . . . . . . .
6.19 The experimentally measured phase velocity for a media (LuciteTM )
with approximately linear with frequency amplitude attenuation coefficient is displayed along with the predicted dispersion from the nearly
local Kramers-Kronig relations with one subtraction. . . . . . . . . .
6.20 The experimentally measured attenuation coeﬃcient in Np/cm for a
media (castor oil) with frequency dependence greater than linear with
frequency. The power law fit is of the form expressed in Equation 6.18.
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Chapter 1

Introduction

1.1

Background and Motivation

The goal of the research reported in this dissertation is to contribute to the physics
underlying the material properties of suspensions that exhibit shear thickening. The
mechanisms underlying such shear thickening behavior are an active topic in the current physics literature (Brown et al., 2010; Brown and Jaeger, 2011; Cheng et al.,
2011). Ultrasound provides a natural tool for studying suspensions of this sort. Suspensions of corn starch in water represent a useful system in which that underlying
physics can be investigated. The ultrasonic characterization of static cornstarch suspensions provides a necessary first step toward using ultrasound to study the physics
of suspensions under shear. By first developing a thorough understanding of the ultrasonic properties at rest, a more complete knowledge of the changes in these properties
1
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with shear can be determined.
Materials that shear thin or thicken are of fundamental interest and are also of
potential practical value. It is well known that flowing blood, which consists of liquid
plasma and (soft-solid) formed elements, can exhibit shear thinning behavior (Chien
et al., 1970). Examples of the possible use of shear thickening fluids include their use
as a means of capping blown-out oil wells (Beiersdorfer et al., 2011) or as a component
in body armor (Lee et al., 2003).
The studies reported in this thesis characterize ultrasonically suspensions of cornstarch in water and in density-matched cesium chloride aqueous solutions over a range
of concentrations. The measurements also lay the ground work for future ultrasonic
studies.

1.2

Overview of the Dissertation

Chapter 2 consists of two parts, with the first section reviewing the literature involved in ultrasonic characterization of suspensions and slurries and with the second
section discussing non-Newtonian fluid behavior, with a focus on shear thickening.
The review of the literature examines previous work involving the ultrasonic characterization of suspensions of starch. The current understanding of the mechanisms
underlying shear thickening behavior are also highlighted.
Chapter 3 presents a number of experiments that were necessary before the ultrasonic measurements could be completed and discusses the rheological measurements
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that have so far been completed on the suspensions of cornstarch. The physical properties of the cornstarch itself, such as its particle size and density, are determined and
the reproducibility of the suspension-making process is examined. Qualitative rheological measurements of cornstarch in water, cornstarch in a density-matched cesium
chloride solution, and cornstarch in oil are described. The quantitative rheological
measurements on suspensions of cornstarch in oil, as opposed to those on cornstarch
in water, provide an approach for determining how interactions with the suspending
fluid aﬀect the behavior of the suspension.
Chapter 4 discusses the ultrasonic measurements of the group velocity and the
sample thickness of a number of concentrations of cornstarch in suspension with both
pure water and with a density-matched cesium chloride in water solution. These
measurements, although interesting in their own right, were also necessary to permit
ultrasonic measurements reported later in the thesis.
Chapter 5 describes the ultrasonic characterization of the attenuation in the cornstarch suspensions. The attenuation coeﬃcient is of fundamental interest and is critical to the determination of the fully-reduced backscatter coeﬃcient. A knowledge of
the attenuation in samples is especially important in order to aid in the design of future experiments exploring the ultrasonic characterization of cornstarch suspensions
under shear.
Chapters 6 and 7 discuss measurements of the phase velocity in the cornstarch
suspensions. The experimental measurements of the dispersion in the phase velocity are not properly accounted for by predictions of dispersion obtained using the
3
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band-limited, approximate Kramers-Kronig relations. In order to account for the
negative dispersion measured in the samples, contributions from large resonances in
the attenuation coeﬃcient that lie well outside of the experimental bandwidth are
required.
Chapter 8 reports the backscatter measurements made on the cornstarch suspensions. The backscatter coeﬃcient was found to decrease as the concentration
increased. This somewhat counterintuitive observation is well explained by a theory
for determining the backscatter from relatively dense suspensions.
Chapter 9 includes a brief summary and some final remarks.
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Chapter 2

Background

2.1

Preface

This chapter summarizes the background knowledge necessary to undertake the
rest of the studies described in this thesis. The first section of the chapter discusses the
structure of a general starch particle. The next section details a number of ultrasonic
studies that have already been completed on suspensions of starch and other similar
materials. The last section describes in detail the mechanisms behind shear thickening
and shear thinning behavior in the context of suspensions of cornstarch.
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2.2

Starch

Starch is a storage polysaccharide for many plants and is typically in the form of
partially crystalline water-insoluble granules (Lionetto et al., 2006; Singh et al., 2003)
The size and the composition of the starch depends upon its source (wheat, rice, corn,
etc.). Starch is primarily made up of two polysaccharides known as amylose and amylopectin (Singh et al., 2003). Amylose is primarily a linear polymer that is insoluble
in water and makes up anywhere from 15% to 30% of a typical starch (Lionetto et al.,
2006). Amylopectin on the other hand is a highly branched macromolecule that is
soluble in water and is primarily responsible for the crystallinity of the granules of
starch (Lionetto et al., 2006; Singh et al., 2003). A typical starch contains anywhere
from 70% to 85% amylopectin.

2.3

Ultrasonic Measurements of Starch in the Literature

Ultrasound has been used to characterize cornstarch (and starches in general)
for a number of diﬀerent applications. The food industry has used ultrasound to
examine certain properties of starches and flours for at least 25 years in order to
study gelatinization (Lionetto et al., 2006; Aparicio et al., 2009; Letang et al., 2001;
Povey and Rosenthal, 1984; Cobus et al., 2007; Garcia-Alvarez et al., 2006; Lehmann
et al., 2004; Garcia-Alvarez et al., 2011; Salazar et al., 2002; Alava et al., 2007). The
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industry has been focused on the amplitude of the ultrasonic signal and the ultrasonic
velocity with some measurements of the attenuation properties. The attenuation
properties of very dilute suspensions of cornstarch in water have been measured in
order to explore the eﬀect of the porous nature of the particle on the attenuation
(Koltsova et al., 2008, 2010). Several papers have examined the flow properties of
suspensions of cornstarch using ultrasonic methods (Birkhofer et al., 2004; Ouriev
and Windhab, 2003, 2002). Cornstarch has also been used as a scatterer in ultrasonic
phantoms (King et al., 2010; Rubin et al., 1991). The eﬀect of high intensity, lower
frequency ultrasound on the structure and properties of cornstarch particles has also
been studied (Jambrak et al., 2010; Huang et al., 2007). Ultrasound has been used
to characterize dense slurries similar to the cornstarch suspensions described in this
thesis (Xue et al., 2009; Stolojanu and Prakash, 2001; Sung et al., 2008). Ultrasonic
measurements have also been made on other materials that exhibit shear thickening
behavior including wormlike micellar fluids (Manneville et al., 2008; Gladden et al.,
2010).

2.3.1

Ultrasonic Characterization of Slurries

Ultrasound has been used to characterize the properties of slurries containing
solids suspended in a liquid. A slurry can be defined as a thick suspension of solids
in a liquid (Stolojanu and Prakash, 2001). Although none of the research in the field
has been directly applied to cornstarch suspensions, the measurement techniques
employed are similar to those described in this thesis, so several relevant papers
8
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will be highlighted. Slurry systems of glass beads in water with diameters ranging
from 35 µm to 180 µm with concentrations of up to 45% have been ultrasonically
characterized (Stolojanu and Prakash, 2001). Specifically, the attenuation coeﬃcient
and the velocity were measured as a function of glass bead concentration in these
slurry systems (Stolojanu and Prakash, 2001). Another application of ultrasonic
characterization of slurries was in the investigation of dense coal-water slurries with
concentrations of up to 30% (Xue et al., 2009). Ultrasonic measurements of the
attenuation have also been used to characterize suspensions of kaolin and reservoir
sediments in water (Sung et al., 2008). Additional work in this field led to the proposal
of a theory for estimating the ultrasonic attenuation and backscatter for suspended
sand particles in the ocean (Thuraisingham, 1994).

2.3.2

Applications of Ultrasound in the Food Industry

The use of ultrasound in the food industry has led to several relevant studies of
suspensions of starch particles. Lehmann et al. made three 25% suspensions of starch
and water using cornstarch, rice starch, and wheat starch (Lehmann et al., 2004). A
2% cornstarch-water suspension was also investigated. The ultrasonic velocity and
attenuation were measured over a temperature range of 37 ◦ C to 95 ◦ C in order to
characterize the gelatinization of the starches (Lehmann et al., 2004). The measurements were made using a HR-US 101 ultrasonic spectrometer (Ultrasonic Scientific
Ltd., Dublin) at frequencies of 4.5 MHz, 7.6 MHz, and 11.0 MHz (Lehmann et al.,
2004). Both the ultrasonic velocity and ultrasonic attenuation were presented on a
9

2.3 Ultrasonic Measurements of Starch in the Literature
relative scale to help aid in the determination of several critical temperatures in the
starch gelatinization process (Lehmann et al., 2004). Another study monitored the
gelatinization of a 15% cornstarch-water suspension and a 20% cornstarch-water suspension using a 1 MHz through transmission setup (Aparicio et al., 2009). This study
measured the amplitude of the ultrasonic signal as a function of temperature to determine the critical temperatures in the gelatinization of the cornstarch. Both of these
studies focus only on cornstarch in water suspensions and only measured ultrasonic
parameters at a few concentrations of cornstarch at a few frequencies. The investigations in this thesis represent an attempt to conduct a thorough and systematic study
of the ultrasonic properties of cornstarch suspensions.
Ultrasound has also frequently been used to study the degradation of starch over
time in order to determine the best methods of storage. One study used a 10 MHz
transducer to measure the ultrasonic velocity and attenuation of a 66% suspension of
wheat starch in water over a period of several days (Lionetto et al., 2006). The authors
found that as the wheat starch suspension was stored and slowly gelatinized, the
ultrasonic velocity of the suspension increased continuously before eventually leveling
oﬀ, while the ultrasonic attenuation increased initially before decreasing (Lionetto
et al., 2006). Another study measured the ultrasonic velocity and attenuation of
a 5% suspension of wheat starch in water as the starch was being degraded by an
enzyme (Povey and Rosenthal, 1984). As the enzyme degraded the suspension, the
ultrasonic attenuation was found to decrease, while the ultrasonic velocity did not
change appreciably (Povey and Rosenthal, 1984). A number of papers characterize
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wheat flours and doughs by measuring their ultrasonic velocity and attenuation (Alava
et al., 2007; Garcia-Alvarez et al., 2006, 2011; Letang et al., 2001; Salazar et al., 2002).
One of the most relevant examples of these wheat flour studies used two 100 kHz
transducers in a transmission setup to study the ultrasonic velocities and attenuations
of 35 diﬀerent wheat flours in water solutions (Garcia-Alvarez et al., 2011). The
study found that ultrasonic velocity and attenuation at these low frequencies could
be used to diﬀerentiate between the diﬀerent types of wheat flour doughs (GarciaAlvarez et al., 2011). Flour is distinct from starch, because it contains not only starch
(made up entirely of starch polymers), but also gluten (Garcia-Alvarez et al., 2011).
Additionally, all of these studies looked at much more concentrated suspensions of
flour in water than any of the suspensions studied in this thesis.

2.3.3

Attenuation Measurements in Dilute Cornstarch Suspensions

Two conference proceedings from the Russian Acoustical Society also ultrasonically characterized suspensions of cornstarch (Koltsova et al., 2008, 2010). In the
first study, the authors examined the ultrasonic attenuation at 3 MHz of 0.5% and
1.0% suspensions of cornstarch in water (Koltsova et al., 2008). The authors were
interested in modeling theoretically the ultrasonic attenuation in the cornstarch suspensions. They took into account the typical contributions to the attenuation from
longitudinal-to-longitudinal scattering, thermal forces, and viscous relative motion.
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An additional term was included that was due to the excess attenuation of porous
particles resulting from dissipation due to the infiltration of water into the pores and
the potential gradient that could be produced (Koltsova et al., 2008). The study
measured the attenuation as a function of time in an attempt to tease out the contribution to the attenuation from the porous dissipation term. The usual contributions
to the attenuation do not change appreciably as a function of time, whereas the attenuation due to the porous dissipation would increase as more and more water made
its way into the pores of the cornstarch particles (Koltsova et al., 2008). The authors
concluded that the contributions to the attenuation from this porous dissipation was
a large enough eﬀect that it could not be neglected or ignored when modeling theoretically the ultrasonic attenuation in porous particles (Koltsova et al., 2008).
The second study from these authors measured the ultrasonic attenuation at 3
MHz in a 3% cornstarch-water suspension over a temperature range of 20 ◦ C to 70
◦

C (Koltsova et al., 2010). The cornstarch particles undergo an irreversible expan-

sion when heated above a specific temperature, and this study used measurements
of the ultrasonic attenuation to map out at what temperature that transition occurs
(Koltsova et al., 2010). Both of these studies made measurements of the ultrasonic
attenuation in cornstarch suspensions, but the studies were done on much more dilute suspensions of cornstarch than those studied in this thesis. Additionally, the
cornstarch suspensions detailed in these two papers were in water rather than in a
density-matched aqueous solution.
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2.3.4

Ultrasonic Monitoring of Fluid Flow

Another common use of ultrasound to investigate starches involves Doppler ultrasound measurements that study the rheometry of flowing liquids (Birkhofer et al.,
2004; Ouriev and Windhab, 2002, 2003). One study used this technique to measure
the acoustic sound speed and ultrasonic signal amplitude for a 10% cornstarch suspension in a sucrose solution, silicone oil, and rapeseed oil (Birkhofer et al., 2004).
The study found that ultrasonic velocity in a fluid increased modestly with the addition of the cornstarch, but did not further explore the results (Birkhofer et al., 2004).
Another study used an ultrasonic pulse echo Doppler pressure diﬀerence technique to
measure some of the rheological properties of a flowing starch in glucose suspension
(Ouriev and Windhab, 2002)
Ultrasonic velocimetry is an ultrasonic technique already in use in the rheometry
of complex fluids (Manneville et al., 2008; Manneville, 2008; Gladden et al., 2010).
One application of this technique uses an ultrasonic transducer with a center frequency of 36 MHz to acquire backscattered signals from fluid in a rheometer with
Couette geometry (Manneville, 2008). The ultrasonic speckle measured in the signals
is cross-correlated over successive acquisitions in order to measure the displacement of
the scatterers at various positions along the beam (Manneville, 2008). The technique
(known as ultrasonic speckle velocimetery or ultrasound velocity profiling) has a spatial resolution of 40 µm and a temporal resolution between 20 ms and 2 s depending
on the measurement (Manneville, 2008). Variations of the method have already been
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used to study shear-thickening wormlike micelles and concentrated emulsions (Becu
et al., 2006, 2007).

2.3.5

Cornstarch in Ultrasonic Phantoms

Cornstarch particles have also been used as scatterers in clinical ultrasonic phantoms (King et al., 2010; Rubin et al., 1991). In both of these studies the cornstarch
particles were used simply as scatterers to increase the backscattered ultrasonic signal. The ultrasonic properties of the cornstarch phantoms were not characterized in
any systematic way.

2.3.6

Summary of Literature

The applications of ultrasonic measurements of starches appears to be very wideranging. However, a systematic characterization of the ultrasonic properties of cornstarch suspensions does not seem to have ever been completed. A thorough understanding of these properties may help to better understand the interesting and
somewhat complicated physics that underlies these suspensions.

2.4

Basic Rheology

A fluid whose stress vs. strain rate curve is linear and passes through the origin
is known as a Newtonian fluid (Kleinstreuer, 2010). The constant of proportionality
between the stress and the strain curve is known as viscosity (Kleinstreuer, 2010).
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Water is the most common example of a Newtonian fluid. Newtonian fluids will flow
regardless of the forces acting upon them. A Bingham plastic is a material that
exhibits Newtonian flow once a certain stress level is reached, but behaves as a solid
below that level (Kleinstreuer, 2010). A common example of a Bingham plastic is
toothpaste.
Fluids that do not have a linear stress vs. strain curve can display either shear
thinning or shear thickening behavior (Brown and Jaeger, 2011). For shear thinning
fluids, the viscosity decreases as the shear rate (or shear stress) increases, whereas
in shear thickening fluids the viscosity increases as the shear rate (or shear stress)
increases (Brown and Jaeger, 2011). Common examples of fluids that exhibit shear
thinning are latex paint and ketchup, and a common example of a shear thickening
fluid is a cornstarch in water suspension. Many suspensions display diﬀerent flow
behaviors depending on the shear rate (or shear stress) applied to the system displaying shear thinning behavior over one range of shear rates, Newtonian behavior over
another, and shear thickening over a third (Brown and Jaeger, 2011). The response of
a particular suspension depends on the sum of the stress contributions in that range
of shear rates (Brown and Jaeger, 2011).
The cornstarch suspensions discussed in this thesis fall under the definition of a
suspension: a heterogeneous mixture of a liquid with particles that are large enough
to settle (Brown and Jaeger, 2010). In contrast, colloids have particles smaller than
those that make up suspensions that will not settle out over time (Brown and Jaeger,
2010). In terms of particle diameter, the transition between a mixture being char15
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acterized as a suspension or a colloid usually occurs when the particles are on the
order of a micron (Brown and Jaeger, 2010). The particles in a suspension can separate out through a number of diﬀerent mechanisms. Sedimentation typically occurs
when the particles are denser than the suspension and settle to the bottom over time
(Hunter, 2001). Creaming is the opposite of sedimentation in that the particles are
typically less dense than the suspension and will rise to the top of the suspension over
time (Hunter, 2001). Flocculation occurs when the particles are attracted together
reversibly (the particles do not necessarily combine into larger particles, but stay as
separate entities) (Hunter, 2001). Coalescence involves the particles coming together
irreversibly to form larger particles (Hunter, 2001). In the case of the cornstarch suspensions, the main mechanism by which the particles separate out of the suspension
is sedimentation, because the cornstarch granules are much more dense than water.

2.4.1

Shear Thinning

A material displays shear thinning behavior if the dominant stress in the system
at low shear rates does not increase with shear as fast as the Newtonian viscous stress
(Brown and Jaeger, 2011). Shear thinning can result from particle rearrangements
(such as the particles organizing into layers so that they can slide over each other more
easily) or from interparticle interactions (such as attractive forces between particles)
(Brown and Jaeger, 2011). The magnitude of shear thinning due to interparticle
interactions is typically larger than the magnitude of shear thinning that results from
particle rearrangements (Brown and Jaeger, 2011). In a paper published in Science,
16
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Cheng et al. studied the shear thinning behavior of a colloidal suspension of silica
spheres of diameters of approximately a micron in a water-glycerin mixture (Cheng
et al., 2011). The shear thinning behavior in the system was due to the sum of
a constant Newtonian contribution from the viscous stresses in the system and an
entropic contribution from the pressure produced when thermal motion causes the
particles to collide (Cheng et al., 2011). For soft glassy materials, shear thinning can
be understood in terms of the the free energy landscape of the system (Fall et al.,
2008). When the fluid is sheared, the shearing pulls it over energy barriers that the
fluid would not otherwise be able to cross (Fall et al., 2008). Crossing these energy
barriers lowers the viscosity in the fluid (Fall et al., 2008).

2.5

Shear Thickening

Shear thickening fluids display the opposite property of shear thinning fluids in
that in shear thickening fluids the viscosity increases as the shear rate (or shear
stress) increases (Brown and Jaeger, 2010). Similar to shear thinning behavior, shear
thickening can be due to either particle rearrangements or to more complicated mechanisms. In the Cheng et al. paper, the shear thickening evident at higher shear rates
in the colloidal suspension studied was due to the formation of hydroclusters (clusters
of particles brought together by shear) (Cheng et al., 2011). The shear thickening
found in this system was modest when compared to shear thickening found in some
other systems (such as cornstarch in water), and thus the mechanism for the shear

17

2.5 Shear Thickening
thickening behavior may be diﬀerent in other systems (Cheng et al., 2011; Brown
and Jaeger, 2011). Shear thickening behavior can be generally classified into two
subgroups: continuous shear thickening and discontinuous shear thickening (Brown
and Jaeger, 2010).

2.5.1

Continuous Shear Thickening

Continuous shear thickening occurs when the viscosity increases with increasing
shear rate, but not the orders of magnitude increase seen with some shear thickening
fluids (Brown and Jaeger, 2010). Continuous shear thickening is not as dependent on
packing fraction as discontinuous shear thickening (Brown and Jaeger, 2010). Continuous shear thickening behavior was seen in the colloidal suspension studied by Cheng
et al. and attributed to the formation of hydroclusters (Cheng et al., 2011). Fall et
al. also studied a suspension of 40 micron polystyrene beads in a density-matched
solution at a volume fraction of 59% that displayed continuous shear thickening behavior (Fall et al., 2010). Interestingly, the suspension displayed a transient, much
steeper shear thickening initially that was attributed to a shear-induced particle migration (Fall et al., 2010). After the system had rearranged in this way though, a
smaller, continuous shear thickening was consistently observed in the system (This
presumably represents the steady state behavior of the system) (Fall et al., 2010). In
this system, as the shear rate was increased for a fixed volume fraction, the material
transitioned from a viscous behavior (where the shear stress was proportional to the
shear rate) to a shear thickening, Bagnoldian behavior (in which the shear stress is
18
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proportional to the shear rate squared) (Fall et al., 2010). In this Bagnoldian regime
where the shear stress goes as the shear rate squared, grain inertia dominates over viscous forces and the continuous shear thickening is attributed to a behavior similar to
the formation of the hydroclusters found in the Cheng et al. paper (Fall et al., 2010).
Cornstarch in water (or in a density-matched solution) does not display continuous
shear thickening, but instead displays what is termed discontinuous shear thickening.
The Reynolds number of a fluid is the ratio of the inertial forces to the viscous
forces in that fluid under a given flow condition (Brown and Jaeger, 2010). At high
Reynolds number, the inertial forces are dominant and can lead to weak shear thickening in a system (Brown and Jaeger, 2010). Brown and Jaeger indicate that the
steepest possible scaling for shear thickening due to these inertial eﬀects is that the
shear stress goes as the shear rate squared (the Bagnoldian regime) and thus the
discontinuous shear thickening found in cornstarch suspensions in water (and other
suspensions and colloids) must be due to some other mechanism (Brown and Jaeger,
2010). Brown et al. tested this idea by making viscosity measurements on a suspension of cornstarch in a viscous glycerol-water mixture. The viscosity in the fluid was
approximately 80 times higher than water (Brown and Jaeger, 2010). In these suspensions, almost no shear thickening was found at low packing fractions (below 40%), but
discontinuous shear thickening was still seen in suspensions at higher packing fractions. Thus, high Reynolds number flow is a separate phenomena from discontinuous
shear thickening (Brown and Jaeger, 2010).
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2.5.2

Discontinuous Shear Thickening

Discontinuous shear thickening can be characterized by stress scales, a diverging
slope, and reversibility (Brown and Jaeger, 2010). One basic property of discontinuous
shear thickening is that the boundaries of the shear thickening regime can be more
easily defined in terms of stress rather than shear rate. This definition is convenient
because stress is largely independent of packing fraction and the viscosity of the liquid
(Brown and Jaeger, 2010). The stress at the onset of shear thickening for a particular
system, τmin , is defined as the onset of a positive slope in the viscosity as a function of
shear stress. The maximum stress at which the system will display shear thickening,
τmax , is defined as the point where the slope of the viscosity as a function of shear stress
transitions from positive to negative (Brown and Jaeger, 2010). Thus, for a particular
system, τmin and τmax are consistent across diﬀerent packing fractions and liquid
viscosities. Another defining characteristic of discontinuous shear thickening fluids is
the increase in the viscosity by orders of magnitude at the onset of shear thickening
(Brown and Jaeger, 2010). This steep increase is only found for a small range of
packing fraction and lessens considerably as the packing fraction decreases (Brown
and Jaeger, 2010). The last defining characteristic of discontinuous shear thickening
is that the thickening is reversible (the viscosity will be approximately the same
whether the stress is ramped up or down) (Brown and Jaeger, 2010). Some examples
of discontinuous shear thickening are transient (such as the suspension studied by
Fall et al.), although these examples of discontinuous shear thickening may be due to
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a diﬀerent mechanism (Fall et al., 2010).
Cornstarch suspensions exhibit discontinuous shear thickening. The mechanism
of this discontinuous shear thickening in cornstarch suspensions (and in suspensions
and colloids in general) is dependent on three characteristics of the system (Brown
and Jaeger, 2010). The first property is that the particles must dilate when sheared.
Dilatancy occurs because of collisions among the particles that cause the particles to
roll over each other in order to flow (Fall et al., 2008). For the particles to be able to
roll over each other, the system must expand (dilate) in the direction of the gradient
(Fall et al., 2008). Dilation will typically only occur at a high packing fraction that
is close the jamming transition for the suspension (Brown and Jaeger, 2010). The
second critical characteristic that a system needs in order to display discontinuous
shear thickening is a confining stress that produces a strain-dependent restoring force
against the dilation of the system (Brown and Jaeger, 2010). This confining stress
frequently comes from the surface tension of the fluid, but can also come from the
walls surrounding the system or the particle stiﬀness itself (Brown and Jaeger, 2010;
Fall et al., 2008). The final characteristic necessary for discontinuous shear thickening
is that this confining stress must be large enough to exceed all of the stresses within
the system that could prevent shearing and dilation (such as interparticle interactions
and the pressure due to gravity) (Brown and Jaeger, 2010). In the case of a cornstarch
suspension, if the cornstarch particles are confined by the surface tension of the liquid,
then the grains cannot move over each other to flow, potentially leading to a jamming
of the system and discontinuous shear thickening (Fall et al., 2008). Shear flow can
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occur if the system is unconfined, because the suspension can expand and reduce the
eﬀective packing fraction (Fall et al., 2008). If the stress from the confining stress is
not dominant, then the stress increase from dilation will not be enough to result in
discontinuous shear thickening (Brown and Jaeger, 2010).

2.5.3

Jamming Transitions

“Jamming” is a term for describing when frictional contact among particles prevents them from flowing like a fluid (Becu et al., 2006). Jamming can occur if the
system increases its volume fraction, lowers its temperature, or releases some external
stress (Becu et al., 2006). Jammed materials respond to stress diﬀerently depending
on whether the external stress is above or below the yield stress of the system (Becu
et al., 2006). If the stress is below the yield stress, then the system remains jammed
and responds elastically like a solid (Becu et al., 2006). If the stress is above the yield
stress, then the system flows like a liquid (Becu et al., 2006). For stresses close to
this yield stress, some systems will not flow at a uniform shear rate. Instead shear
banding (also known as shear localization) occurs where part of the system flows while
another part of the system remains in a jammed state (Becu et al., 2006). As the
shear rate is increased, more and more of the system begins to flow until eventually
the entire suspension is flowing (Becu et al., 2006).
Suspensions of cornstarch in water (or a density-matched liquid) display this jamming behavior (Fall et al., 2008). At rest (no shearing), the cornstarch suspension has
a small yield stress and thus behaves like a solid (Fall et al., 2008). For a low shear
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rate, the shear banding behavior described above will occur with more and more of
the suspension flowing as the shear rate increases (Fall et al., 2008). After the shear
rate is high enough that all of the suspension is flowing, the material will suddenly
become solid again, because the dilation in the grains and confinement of the system,
and significant shear thickening will be observed (Fall et al., 2008). To summarize, at
low shear rates the shearing first “unjams” a jammed system by overcoming the yield
stress (Fall et al., 2008). As the stress increases eventually the shearing causes the unjammed, flowing suspension to jam because of the dilatant behavior of the cornstarch
and the confinement of the surface tension in the system (Fall et al., 2008).

2.5.4

Confining Stresses

The surface tension in the fluid is an important confining stress for many discontinuous shear thickening systems with high packing fractions. The surface tension
produces normal stresses between the particles and the walls of the system that result in a shear stress due to friction (Brown and Jaeger, 2010). The confining stress
due to surface tension was found to increase as the dilation in the system increases
(Brown and Jaeger, 2010). The surface tension is an eﬀective confining stress only
if the particles in the system are densely packed (Brown and Jaeger, 2010). In this
case, some of the particles are pushed out of the interior of the suspension and penetrate the edge of the suspension creating a curved liquid-air interface (Brown and
Jaeger, 2010). This produces a stress from surface tension on the particles that scales
with the particle diameter and pushes them back toward the inside of the suspension
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(Brown and Jaeger, 2010). However, the tightly packed particles cannot be pushed
back into the interior of the suspension (Brown and Jaeger, 2010). One potential
way for the stress from the surface tension to be transmitted through the rest of the
suspension is through a force chain (Brown and Jaeger, 2010).
Another characteristic of aqueous suspensions of granules is the transmission of
stress through force chains (Liu et al., 2010; Mueth et al., 1998). Force chains were
first observed in dry, granular media (Mueth et al., 1998). A homogeneous solid
would transmit an external stress through elastic deformation or plastic yield, whereas
in a Newtonian liquid viscous dissipation would cause resistance in the fluid (Liu
et al., 2010). In an aqueous suspension of a granular medium on the other hand, the
force is transmitted heterogeneously in a branching, chain-like way (Liu et al., 2010).
In contrast to viscous liquids which will dissipate an applied force throughout the
medium, in these types of media the force is not dissipated throughout the medium,
but is instead only distributed to an area on the scale of the size of the object which
applied it (Liu et al., 2010; Brown and Jaeger, 2009).
The importance of surface tension as a confining stress to discontinuous shear
thickening suspensions was investigated by Brown et al. using a suspension of 100
micron diameter glass spheres in water at a packing fraction of 0.56 (below the critical
packing fraction for this system) (Brown and Jaeger, 2010). The critical packing
fraction is defined as the packing fraction at which the viscosity curve diverges because
the system is jammed (Brown and Jaeger, 2009). The viscosity as a function of shear
stress was measured in this system and then the measurement was repeated after
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a surfactant was mixed in that decreased the surface tension in the system by a
factor of approximately 3 (Brown and Jaeger, 2010). The maximum stress of shear
thickening was found to decrease by a factor of about 2.4, a value that was was very
close to the decrease found in the surface tension (Brown and Jaeger, 2010). Thus,
the confining stress in this system was found to determine the upper stress limit of
the shear thickening regime.

2.5.5

The Onset of Shear Thickening

The onset shear stress for shear thickening depends on the the size of the particles
in the suspension of interest. If the particles are very small (creating a colloid because
the particles won’t settle out), then the onset stress for shear thickening is determined
by the eﬀects of Brownian motion and electrostatic interactions (Brown et al., 2010).
If on the other hand the particles are larger (suspensions), then gravity is the dominant
eﬀect in determining the level of the onset stress (Brown and Jaeger, 2010). In both
cases, the onset of shear thickening can only occur if the shear stress is large enough
to exceed the local stress barriers holding the particles in place. Once the stress is
large enough to overcome these barriers, the particles begin to shear; this leads to
dilation and increased confining stresses resulting in shear thickening (Brown and
Jaeger, 2010). Shear thickening behavior is hidden until the stresses relevant to shear
thickening are the dominant stress in the system (Brown and Jaeger, 2010). Because
of this, many systems do not appear to exhibit shear thickening behaviors.
Brown et al. examined a suspension of glass spheres of diameter 90 microns with
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a hydrophobic coating in water where the onset of shear thickening was hidden by
interparticle interactions (Brown et al., 2010). In a suspension of water, the coating
on the spheres causes them to cluster (Brown and Jaeger, 2010). These clusters resist
flow and require a significant stress in order to be pulled apart (resulting in a yield
stress). If the viscosity of the system as a function of shear stress is measured for this
system, no shear thickening behavior is observed (Brown and Jaeger, 2010). However,
if a surfactant is added to the system eliminating the particle clustering (and thus
the yield stress), then the suspension will display shear thickening behavior over a
range of shear stresses. This is just one example of a system where the shear thickening behavior was hidden by some other stress. Brown et al. also examined dielectric
glass spheres in mineral oil and magnetite-filled polyethylene glycol-acrylate rods suspended in polyethylene glycol. These materials were chosen because the attractions
between these particles could be tuned depending on the strength of the external
field (an electric field in the case of the former suspension and a magnetic field in
the case of the latter suspension) (Brown and Jaeger, 2010). As the interparticle
attractions increased, the yield stress in the suspensions increased which caused the
shear thickening behavior to only be apparent over a smaller and smaller shear stress
range (Brown and Jaeger, 2010). The attractions between the particles could even
be increased to the point where no shear thickening behavior was evident. Although
cornstarch particles do not display these large interparticle attractions, similar behavior was found in a suspension of cornstarch in water where the yield stress of the
system was increased due to confinement as the packing fraction was increased (Brown
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and Jaeger, 2010). The packing fraction could eventually be increased to the point
where the whole system was jammed and no shear thickening behavior was apparent
in the suspensions of cornstarch and water. Thus, the onset stress for shear thickening
can be strongly dependent on the other stresses in the system whether they are from
interparticle interactions, confinement, or some other mechanism (Brown and Jaeger,
2010).
For suspensions of larger particles, the stresses due to gravity are often the dominant stress in the system and thus determine the onset stress for shear thickening
behavior (Brown and Jaeger, 2010). The stress due to gravity can be understood
in the context of a system of glass spheres being measured using a parallel plate
rheometer setup. If the system is not being sheared, then the particles will settle to
the bottom plate due to gravity (Brown and Jaeger, 2010). At low shear stresses,
the stress measured in the system would be due solely to flow of a thin fluid layer
on top of the settled particles. If the shear stress is increased to the point that it
exceeds the frictional force between the particles under gravity, then the upper layer
of particles can be moved and the system begins to flow (Brown and Jaeger, 2010).
This frictional force between the particles under gravity leads to the yield stress in
the system. Density-matching the fluid to the particles in the system can lower the
onset stress due to gravity (Brown and Jaeger, 2010).
The transition between the regime where the Brownian motion and interparticle
interactions dominate and the regime where gravity dominates typically occurs at a
diameter of approximately 10 µm (Brown and Jaeger, 2010). The specific particle
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diameter at which the transition occurs depends on a number of factors such as the
density of the particles, the type and size of the interparticle interactions, etc., but for
a general system the transition between the two regimes occurs at a diameter on the
order of 10 µm (Brown and Jaeger, 2010). As a result of this transition, the minimum
stress required for shear thickening is lowest for particles of approximately this size
(Brown and Jaeger, 2010). Interestingly, particles of this diameter are approximately
at the transition point between a colloid and a suspension, thus the transition between
a colloid and a suspension and the transition between where interparticle interactions
are the dominant stresses and where gravity is the dominant stress may be related
(Brown and Jaeger, 2010).
Cornstarch granules have a diameter very close to the optimal diameter for shear
thickening.

Cornstarch particles are also very hydrophilic, resulting in minimal

particle-liquid surface tension (Brown and Jaeger, 2010). Minimizing particle-liquid
surface tension decreases the shear thinning eﬀect (Brown and Jaeger, 2010). Cornstarch suspensions display strong shear thickening behavior because of both the cornstarch granule’s size and lack of interactions which result in shear thinning.

2.6

Conclusion

The discontinuous shear thickening behavior found in suspensions of cornstarch
in water is due to the dilation of the grains under shear, the confining stress of the
surface tension of the suspension, and the dominance of this confining stress over a
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range of shear stresses. In general, the lowest stress that the stresses in the system
must exceed to exhibit shear thickening is set by either interparticle interactions (for
most colloids and some suspensions) or gravity (for many suspensions) (Brown and
Jaeger, 2010). The maximum stress at which the system will exhibit shear thickening
is set by surface tension (or other confining stress) and decreases with particle size.
Brown and Jaeger indicate that a general framework for understanding the mechanisms behind discontinuous shear thickening (and other types of flow behaviors)
exists, but much more work needs to be completed before the mechanisms can be
completely understood. The hypothesis underlying this thesis is that ultrasonic attenuation and scattering could provide information about grain-grain contacts, force
chains, and other interactions between particles in suspensions under shear. Thus,
studying the ultrasonic characteristics of a cornstarch suspension under shear may
serve to enhance the understanding of these complex phenomena.
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Chapter 3

Preliminary Studies

3.1

Preface

This chapter begins with an investigation of the cornstarch granule size using
an optical microscope. The next section describes the eﬀorts to use cesium chloride
solutions to density match the cornstarch particles in suspension and the steps taken
to characterize the cesium chloride solution. The procedure necessary for the creation
of the cornstarch in density-matched cesium chloride suspensions is outlined. The
details of the sample mold used for the ultrasonic measurements described later in
the thesis are described. The next section details the studies completed examining
the reproducibility of the experiments among samples and over time. The second
part of the chapter describes some preliminary attempts to examine the rheology
of suspensions of cornstarch in several liquids. This part begins with a description
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of some of the qualitative measurements that were initially made in order to better
understand the onset of shear thickening in a number of diﬀerent suspensions. The
second part of the section discusses some quantitative measurements of the apparent
viscosity of suspensions of cornstarch in olive oil.

3.2

Granule Size

The cornstarch (Sigma Aldrich, St. Louis, MO) for all of the work of this thesis
was made up of 27% amylose and 73% amylopectin as reported by Sigma Aldrich
(Merkt et al., 2004; Fall et al., 2008). The average granule diameter was reported to
be 14 µm in the literature (Fall et al., 2008). As a check on the particle size, a series of
optical images of the cornstarch granules were taken using a Nikon Eclipse TE2000-E
microscope system (Nikon Corporation, Tokyo, Japan). An example image is shown
in Figure 3.1.
Using ImageJ (ImageJ, National Institute of Health), the approximate particle
diameter of seventy-five cornstarch particles was measured with the digital ruler feature. The particle diameters were collected in a histogram shown in Figure 3.2. The
average particle size for these seventy-five particles was determined to be 13 µm ±
3 µm which is very close to the literature value of 14 µm (Fall et al., 2008). The
diameters measured were two dimensional projections of a three dimensional granule
and may have underestimated the actual diameter.
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Figure 3.1: Cornstarch particles under microscope. Photography by Ben Johnson.

3.3

Density Matching

The cornstarch particles are more dense than water and settle in a matter of
minutes in suspension with pure water. In order to perform ultrasonic experiments
over a longer period of time, settling must be slowed by increasing the density of the
water to more closely match the density of the cornstarch. The most common way
of increasing the density of water involves mixing in cesium chloride (Merkt et al.,
2004; Fall et al., 2008). The density of cesium chloride solutions as a function of
concentration at a temperature of 25 ◦ C is shown in Figure 3.3 (Washburn, 1928).
In the work of Brown and Jaeger, the leading group in the field, their procedure
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Figure 3.2: A histogram of the approximate particle diameters of seventy-five cornstarch particles.

used cornstarch right out of the container without any special drying procedure for all
of their experiments (Brown and Jaeger, 2010). However, the density of cornstarch
reported in the literature varies from 1.55 g/mL (White et al., 2009) to 1.68 g/mL
(Merkt et al., 2004). These density diﬀerences may be the result of diﬀerences in
the fraction of the weight of the cornstarch particles that is made up of absorbed
water. The paper reporting the highest density describes a method to dehydrate the
cornstarch as much as possible (Merkt et al., 2004). Their procedure described how
the cornstarch is dried at 50◦ C for a week and stored in a desiccator (Merkt et al.,
2004).
In order to determine the density of the cornstarch without any drying procedure,
a series of suspensions was made containing 10% cornstarch in diﬀerent concentrations
of cesium chloride solutions (all concentrations are reported by mass unless otherwise
indicated). The range of densities for cornstarch reported in the literature would
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Figure 3.3: The density of cesium chloride solutions in water as a function of the
mass fraction of cesium chloride. (Washburn, 1928)

require solutions of cesium chloride with concentrations between 50% and 55%, as
can be seen from Figure 3.3.
Figure 3.4 shows a comparison between a 10% cornstarch solution in a 55% cesium
chloride and water solution and a 10% cornstarch solution in a 50% cesium chloride
and water solution. The 50% cesium chloride and water solution has a density of
approximately 1.59 g/mL and the 55% cesium chloride solution has a density of approximately 1.68 g/mL. Both solutions were stored overnight allowing the suspensions
to separate. The cornstarch can be observed to be more dense than the 50% cesium
chloride solution and less dense than the 55% cesium chloride solution.
The experiment depicted in Figure 3.4 was repeated with ten percent cornstarch
suspensions in solutions of cesium chloride with concentrations from 50% to 55% in
one percent steps. These solutions were allowed to settle overnight as shown in Figure

38

3.3 Density Matching

Figure 3.4: Two solutions containing 10% cornstarch in diﬀerent concentrations of
cesium chloride. The sample on the left contains a 55% cesium chloride solution and
the sample on the right contains a 50% cesium chloride solution. The samples were
stored overnight to allow the suspension to separate into its two components.

3.5. The cornstarch is observed to be less dense than the cesium chloride solutions
for concentrations of cesium chloride above 53%. The cornstarch is observed to be
more dense than the cesium chloride for concentrations of cesium chloride below
52%. The densities of the cornstarch and the cesium chloride solution appears to be
approximately the same for the 52% cornstarch solution.
When the experiment was repeated, the cornstarch was found to be less dense than
the cesium chloride solutions for the 52% to 55% concentrations. The cornstarch was
found to be more dense than the 50% cesium chloride solution and the two components
of the suspension were approximately density-matched for the 51% cesium chloride
solution. Based on the results of these two experiments, it was determined to use
a 51.5% concentration of cesium chloride in distilled water as a density matching
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Figure 3.5: A series of solutions containing 10% cornstarch in diﬀerent concentrations of cesium chloride. The samples’ cesium chloride concentration ranges from
50% to 55% in 1% steps. The samples were stored overnight to allow the suspension
to separate into its two components.

solution for all of the cornstarch experiments described in this thesis. This solution
is not a perfect density match, but does a reasonable job of slowing down the settling
of the cornstarch during the time period over which experiments are completed.
In order to properly determine the density of the 51.5% cesium chloride solution,
four separate solutions of 51.5% cesium chloride in distilled water were made. One
milliliter of one of the solutions was measured out using a precision pipette (Biohit
Corporation, Laippatie, Helsinki) and transferred to a weighing dish. The mass of
the 1 mL of solution was found using a XS105 Dual Range Balance (Mettler Toledo,
Greifensee, Switzerland) with an accuracy of 0.2 micrograms. As a control, one
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milliliter of distilled water was measured out three separate times and weighed. The
experiment was repeated a minimum of three times with each of the four separate
solutions of 51.5% cesium chloride in distilled water. The results of this experiment
are shown in Table 3.1. The method was validated, because the measurements of the
density of water are approximately 1.0 g/mL.
Distilled

Sample 1 Sample 2 Sample 3 Sample 4

Water Mass (g) Mass (g) Mass (g) Mass (g) Mass (g)
Measurement #1

0.99628

1.62087

1.60912

1.62212

1.63186

Measurement #2

1.00000

1.62206

1.61824

1.62736

1.62871

Measurement #3

0.99784

1.62438

1.63046

1.62425

1.63329

Measurement #4

-

-

1.62470

-

-

Average

0.998 ±

1.622 ±

1.619 ±

1.625 ±

1.631 ±

0.002

0.002

0.011

0.003

0.002

Table 3.1: The measurements of the mass of 1 mL from a sample of distilled water
and from four samples of 51.5% cesium chloride solutions.

The average of the four samples was found to be 1.624 g ± 0.005 g and thus the
density of the 51.5% cesium chloride in distilled water solution was determined to be
approximately 1.62 g/mL.
The ultrasonic properties of the 51.5% cesium chloride solution were measured
using the techniques described in Chapters 4, 5, and 8 . Two separate samples of
the solution were made and put into two of the sample molds. The ultrasonic group
velocity, the ultrasonic attenuation properties, and the ultrasonic backscatter properties were all measured in the two separate samples at a temperature of approximately
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21◦ C. The results of the ultrasonic measurements are shown in Table 3.2. The 51.5%
cesium chloride solution had ultrasonic properties very close to that of water, although
the density of the solution was much greater than that of water.
Solution #1

Solution #2

Temperature ◦ C

21.1

21.1

Group Velocity (m/s)

1483 ± 10

1483 ± 10

∼0

∼0

Slope of Attenuation

∼0

(dB/cm/MHz)
Attenuation Coeﬃcient
at 5 MHz (dB/cm)
Backscatter

∼0

Essentially None Essentially None

Table 3.2: Ultrasonic measurements of two separate samples of a 51.5% cesium
chloride solution

3.4

Cornstarch Suspensions

The ultrasonic measurements described in this thesis were made on suspensions
of 10% cornstarch in a 51.5% cesium chloride solution, 20% cornstarch in a 51.5%
cesium chloride solution, 30% cornstarch in a 51.5% cesium chloride solution, and 40%
cornstarch in a 51.5% cesium chloride solution. The actual amounts of cornstarch,
cesium chloride, and distilled water used to make one sample of a particular solution
are displayed in Table 3.3.
The process of making a suspension involves measuring out 15 mL of distilled water
using a graduated cylinder and 15.9 g of cesium chloride using an Ohaus Adventurer
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Pro precision balance (Ohaus Corporation, Pine Brook, New Jersey) and weighing
paper. The cesium chloride is mixed into the distilled water in a 100 mL glass beaker
using a metal spatula. The proper amount of cornstarch for that particular solution
(see Table 3.3) is measured out using the precision balance and weighing paper.
Depending upon the concentration of the solution, the cornstarch is stirred into the
51.5% cesium chloride solution with either a metal spatula or an electric hand mixer
(GE Corporation, Fairfield, Connecticut). The electric mixer is especially helpful for
the more concentrated solutions, although care must be taken to not spill any of the
suspension and to not overheat the mixer’s motor.
Mass Fraction

Distilled Water Cesium Chloride Cornstarch

0% Cornstarch in 51.5% CsCl

15 mL

15.9 g

0.00 g

10% Cornstarch in 51.5% CsCl

15 mL

15.9 g

3.43 g

20% Cornstarch in 51.5% CsCl

15 mL

15.9 g

7.73 g

30% Cornstarch in 51.5% CsCl

15 mL

15.9 g

13.24 g

40% Cornstarch in 51.5% CsCl

15 mL

15.9 g

20.60 g

Table 3.3: Ingredients required to make enough of each solution to fill a single
sample mold

3.5

Sample Mold

The sample mold used for the ultrasonic measurements is made up of a plastic
cylinder and two plastic rings shown disassembled in Figure 3.6. The plastic cylinder
has a diameter of approximately 45 mm and a thickness of approximately 12 mm.
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When the cesium chloride solution is included with the molds, the side of the plastic
cylinder is coated with a thin layer of vacuum grease to decrease the loss of cesium
chloride from the suspension (see Figure 3.7). A Saran WrapTM layer is laid down
over this layer of vacuum grease and is sealed to the plastic cylinder using one of
the plastic rings. The outer diameter of the cylinder is only slightly smaller than the
inner diameter of the plastic rings so the two pieces are friction fit together. After one
Saran WrapTM window has been attached to the mold, the mold is flipped over and a
layer of vacuum grease is put on the upward facing surface of the plastic cylinder (in
a fashion similar to the way it was applied to this same surface on the other side of
the plastic cylinder). The mold is filled with the cornstarch suspension and a Saran
WrapTM layer is then applied and sealed into place creating a finished sample mold,
as shown in Figure 3.7.

3.6

Reproducibility

The reproducibility of the ultrasonic measurements of cornstarch suspensions in
a density-matched cesium chloride solution was an important component of all of the
studies in this thesis. To that end, it was important to test whether separate batches
of the same concentration of cornstarch would have similar ultrasonic properties. To
test the reproducibility of the ultrasonic properties from sample to sample, three
suspensions of 30% cornstarch in 51.5% cesium chloride were mixed together. For
one of the suspensions, double the amount of each ingredient was used to create two
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Figure 3.6: The disassembled sample mold showing the three main pieces. Photography by Ben Johnson.

samples from a single batch. Therefore, four total samples were created in three
batches. The ultrasonic properties of each of these samples was measured using
the techniques described in Chapters 4, 5, and 8. The sample thickness, ultrasonic
group velocity, ultrasonic phase velocity at 5 MHz, slope of attenuation, attenuation
coeﬃcient at 5 MHz, apparent integrated backscatter, backscatter coeﬃcient at 5
MHz, and the frequency dependence of the backscatter coeﬃcient are all shown in
Table 3.4. The quantities that are displayed in the table are described in the later
chapters of this thesis. The importance of the table is to show the consistency in the
four measurements.
As can be seen from the Table 3.4, both the group velocity (described in Chapter 4)
and the phase velocity at 5 MHz (detailed in Chapter 6) vary only slightly among the
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Figure 3.7: A completed sample mold containing a cornstarch in density-matched
cesium chloride solution. The vacuum grease layer can be observed under the saran
wrap window. Photography by Ben Johnson.

four suspensions. The attenuation properties (described in Chapter 5) are also seen
to be very reproducible from sample to sample with both the slope of the attenuation
coeﬃcient and the attenuation coeﬃcient at 5 MHz all showing consistency across
the four measurements. The backscatter properties (described in Chapter 8) have
slight diﬀerences among the four samples, but the variance in the samples is very
reasonable considering the typical uncertainty of the backscatter measurement (Yang
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Solution #1 Solution#1a Solution #2 Solution #3
Temperature (◦ C)

20.6

20.6

19.3

19.4

Sample Thickness (mm)

14.1 ± 0.1

14.3 ± 0.1

13.8 ± 0.1

13.8 ± 0.1

1674 ± 7

1672 ± 7

1675 ± 8

1674 ± 7

Group Velocity (m/s)
Phase Velocity
at 5 MHz (m/s)
Slope of Attenuation
(dB/cm/MHz)
Attenuation Coeﬃcient
at 5 MHz (dB/cm)
Apparent Integrated

1673 ± 7

1669 ± 7

1674 ± 8

1670 ± 6

2.1 ± 0.1

2.2 ± 0.1

2.1 ± 0.1

2.2 ± 0.1

7.2 ± 0.1

7.3 ± 0.1

6.8 ± 0.1

7.0 ± 0.3

-62.1

-62.8

-63.6

-63.6

2.96 ∗ 10−4

3.13 ∗ 10−4

2.25 ∗ 10−4

2.17 ∗ 10−4

3.0

3.1

3.4

3.4

Backscatter (dB)
Backscatter Coeﬃcient
at 5 MHz (dB/cm)
Frequency Exponent of
the Backscatter Coeﬃcient
Table 3.4: Comparing the reproducibility of the ultrasonic measurements from
four samples of 30% cornstarch in a 51.5% cesium chloride solution. The first two
suspensions #1 and #1a were from the same batch of suspension. Suspension #2
and #3 were each made separately.

et al., 2007).
The other reproducibility question that must be answered is how much the ultrasonic properties of the sample change over time. Two 20% cornstarch in densitymatched cesium chloride suspensions were made and put into two sample molds.
Ultrasonic measurements were made on the two samples. The following day the measurements were repeated. The measurements were repeated again the day after that
as well. The attenuation coeﬃcient at 5 MHz measured for both suspensions on each
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of the three days is displayed in Table 3.5. As can be seen from the table, the attenuation coeﬃcient was much higher the day the suspension was made than at any
point thereafter for both suspensions. Two potential causes of the higher attenuation
may be air bubbles in the suspension or the gradual sedimentation of the cornstarch.
If the sample was stored overnight the attenuation coeﬃcient was found to decrease.
After the initial waiting period, all of the ultrasonic measurements were determined
to be reproducible as shown in Table 3.6. Because the measurements were repeatable
after the first day, and because the sample was agitated before each measurement,
one can conclude that the increased attenuation initially is probably the result of air
bubbles rather than sedimentation.
Suspension

Attenuation Coeﬃcient Standard Deviation
at 5 MHz (dB/cm)

(dB/cm)

Suspension #1 (Day 1)

4.9

0.8

Suspension #1 (Day 2)

4.2

0.1

Suspension #1 (Day 3)

4.3

0.1

Suspension #2 (Day 1)

6.3

1.6

Suspension #2 (Day 2)

4.1

0.1

Suspension #2 (Day 3)

4.3

0.1

Table 3.5: Measurements of the attenuation coeﬃcient at 5 MHz on three successive days for two diﬀerent suspensions of 20% cornstarch in a 51.5% cesium chloride
solution. The measurements were very reproducible after the first day.

48

3.7 Qualitative Rheological Measurements
Solution #1 Solution#1 Solution #2 Solution #2
(Day 2)

(Day 3)

(Day 2)

(Day 3)

Temperature (◦ C)

20.6

20.6

20.5

20.5

Sample Thickness (mm)

13.5 ± 0.1

13.5 ± 0.1

14.2 ± 0.1

14.2 ± 0.1

1605 ± 6

1604 ± 7

1604 ± 6

1607 ± 7

Group Velocity (m/s)
Phase Velocity
at 5 MHz (m/s)
Slope of Attenuation
(dB/cm/MHz)
Attenuation Coeﬃcient
at 5 MHz (dB/cm)
Apparent Integrated

1607 ± 6

1600 ± 6

1595 ± 6

1607 ± 7

1.4 ± 0.1

1.4 ± 0.1

1.4 ± 0.1

1.4 ± 0.1

4.2 ± 0.1

4.3 ± 0.1

4.1 ± 0.1

4.3 ± 0.1

-61.2

-61.3

-61.7

-62.1

Backscatter (dB)
Backscatter Coeﬃcient
at 5 MHz (dB/cm)
Frequency Dependence of

2.15 ∗ 10−4 1.76 ∗ 10−4 1.79 ∗ 10−4
3.6

3.4

1.77 ∗ 10−4

3.5

3.6

the Backscatter Coeﬃcient
Table 3.6: Comparing the reproducibility of the ultrasonic measurements in two
samples of 20% cornstarch in a 51.5% cesium chloride solution from one day to the
next. Each sample was measured twice approximately twenty-four hours apart.

3.7

Qualitative Rheological Measurements

The second part of this chapter discusses some preliminary rheological measurements that were made on a number of suspensions of cornstarch in various liquids.
Before quantitative measurements of the rheological properties of any of the suspensions were made, a number of qualitative experiments were undertaken. The purpose
of these experiments was to determine at approximately what concentration of corn-
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starch that a suspension would display shear thickening behavior.

3.7.1

Cornstarch in Water

A series of suspensions of cornstarch in water were mixed together in order to
determine the approximate critical concentration for the onset of shear thickening.
Each suspension started with 50 g of distilled water in its own 250 mL beaker. Table
3.7 displays the amount of cornstarch and water mixed together for each of the cornstarch and water suspensions studied. The volume fractions were determined using
the densities of both the distilled water (1.00 g/mL) and the cornstarch granules (1.62
g/cm3 ). The two components of each suspension were mixed together and a determiMass Fraction Volume Fraction Distilled Water (g) Cornstarch (g)
10% Cornstarch

6.4%

50

5.56

20% Cornstarch

13.4%

50

12.50

30% Cornstarch

20.9%

50

21.43

40% Cornstarch

29.1%

50

33.33

50% Cornstarch

38.2%

50

50.00

55% Cornstarch

43.0%

50

61.11

Table 3.7: The amounts of cornstarch and distilled water added to each concentration of the cornstarch and water suspensions.

nation of shear thickening behavior was made qualitatively from examining the nature
of the mixing behavior. At a concentration of 40% by mass, the suspension is very
viscous, but does not display shear thickening behavior. At a concentration of 50%
by mass, the suspension became markedly more diﬃcult to mix and the diﬃculty in
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mixing increased with the rate of mixing. Thus, at a concentration of 50% by mass,
the suspension qualitatively displayed shear thickening behavior. The same behavior
was observed at a concentration of 55% by mass as well. In order to confirm these
conclusions the experiment was repeated an additional time with the same results.

3.7.2

Cornstarch in a Density-Matched Solution

The experiment was repeated for a series of suspensions of cornstarch in a 51.5%
cesium chloride solution in order to determine the approximate critical concentration
for the onset of shear thickening. Each suspension contained a 51.5% cesium chloride
solution consisting of 10 g of distilled water and 10.62 g of cesium chloride. Table 3.8
displays the amount of cornstarch, cesium chloride, and distilled water mixed together
for each of the cornstarch and 51.5% cesium chloride suspensions studied. Because
the cesium chloride solution is density matched to the cornstarch, the mass fraction is
the same as the particle volume fraction (Roche et al., 2011). The two components of
Mass
Fraction

Volume

Distilled

Cesium

Cornstarch (g)

Fraction Water (g) Chloride (g)

10% Cornstarch

10%

10

10.62

2.29

20% Cornstarch

20%

10

10.62

5.16

30% Cornstarch

30%

10

10.62

8.84

40% Cornstarch

40%

10

10.62

13.75

Table 3.8: The amounts of cornstarch, cesium chloride and distilled water added to
each concentration of suspension of cornstarch in a 51.5% cesium chloride solution.
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each suspension were mixed together and a determination of shear thickening behavior
was made qualitatively from examining the mixing. At a concentration of 30% by
mass, the suspension is very viscous, but is not shear thickening. At a concentration
of 40% by mass, the suspension displayed shear thickening behavior as it was mixed.
To confirm these qualitative observations, the experiment was repeated several times
with similar results.

3.7.3

Cornstarch in Olive Oil

The experiment was repeated for a series of suspensions of cornstarch in olive oil
in order to determine the approximate critical concentration for the onset of shear
thickening. The concentrations of the suspension were determined by mass with
each suspension starting with 50 g of olive oil in its own 250 mL beaker. Each
sample of olive oil was weighed in order to determine the correct amount to add to
the suspension. Table 3.9 displays the amount of cornstarch and oil mixed together
for each of the suspensions studied. The volume fractions were determined using the
densities of the olive oil (0.91 g/mL at 23 ◦ C) and the cornstarch granules (1.62 g/cm3 )
(Weast, 1970). The two components of each suspension were mixed together and a
determination of shear thickening behavior was made from examining the mixing. As
the concentration increased the suspensions became more and more viscous, but shear
thickening behavior was not observed in any of the suspensions up to a concentration
of 65% by mass. At a mass fraction of 69.3% the suspension, when mixed completely,
was no longer a liquid, but had changed phase becoming a soft solid. None of the
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Mass Fraction

Volume Fraction Olive Oil (g) Cornstarch (g)

10% Cornstarch

5.9%

50

5.56

20% Cornstarch

12.3%

50

12.50

30% Cornstarch

19.5%

50

21.43

40% Cornstarch

27.3%

50

33.33

50% Cornstarch

36.0%

50

50.00

55% Cornstarch

40.8%

50

61.11

60% Cornstarch

45.8%

50

75.00

65% Cornstarch

51.1%

50

92.86

69.3% Cornstarch

56.0%

50

112.86

Table 3.9: The amounts of cornstarch and olive oil added to each concentration of
the cornstarch and oil suspensions.

concentrations of cornstarch in oil appeared to display shear thickening behavior
qualitatively. In order to confirm this conclusion, the experiment was repeated an
additional time with the same results. This qualitative result agrees with other results
from the literature that indicated that cornstarch (a hydrophilic particle) will shear
thicken in water, but will not shear thicken in hydrophobic liquids such as oil (?).

3.8

Quantitative Viscosity Measurements

The basic rheology of cornstarch and water suspensions has been reported extensively in the literature in recent years (Brown and Jaeger, 2009; ?; Fall et al., 2008).
Although the qualitative observation that cornstarch suspensions in hydrophobic materials will not shear thicken has been made in the literature, the quantitative rheo-
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logical measurement of suspensions of cornstarch in oil does not appear to have been
completed (Brown and Jaeger, 2009). Understanding why a suspension of cornstarch
in oil does not shear thicken will add to the general understanding of shear thickening
behavior. For this reason, preliminary measurements were made on the rheological
properties of a number of concentrations of cornstarch in oil.

3.8.1

AR-G2 Rheometer

All of the quantitative rheological measurements described in this chapter were
made on an AR-G2 rheometer. The AR-G2 is a controlled-stress/controlled-rate
rotational rheometer. The lower portion of the system is fixed and consists of a
temperature-controlled Peltier plate with a temperature range of -20◦ C to 180◦ C
with a stated accuracy of 0.1◦ C. The upper portion of the system can oscillate or
rotate continuously depending on the application. A parallel plate (8 to 60 mm in
diameter) or cone (20 or 40 mm in diameter) geometry is attached to the top portion
of the system in order to make the rheological measurements.
The system was used to make steady shear measurements where the system would
rotate until a steady shear rate was reached, and would then measure the shear stress.
The ratio of the stress to shear rate is the steady shear viscosity of the sample as
defined in Equation 3.1.
Apparent Viscosity (Pa*s) =

Stress (Pa)
Shear Rate (s−1 )

(3.1)

In this way, the viscosity of the sample can be measured at a number of diﬀerent
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shear rates.
The cone attachment (also known as the cone geometry) was exclusively used for
the measurements discussed in the rest of this thesis. The main advantage of the
cone attachments is that the shear is constant throughout the sample as long as the
angle on the cone is small (typically less than 4◦ ). The torque and the shear rate
can be found for any cone and plate setup such as this. The total torque, T, can
be determined by first considering only the torque, dT, acting on an element of fluid
between r=r and r=r+dr as shown in Figure 3.8 and Equation 3.2
dT = (2πrdr)τ r

(3.2)

where r is the distance from the center of the cone to the fluid element, dr is the
length of the fluid element, and τ is the shear stress on the system (Chhabra and
Richardson, 2008). The total torque can be obtained with Equation 3.3
T =

�

T

dT =
0

�

R

2πr2 τ dr

(3.3)

0

where R is the radius of the cone. For constant values of the shear stress, Equation
3.3 can be used to arrive at Equation 3.4 which can be re-expressed in terms of the
shear stress as in Equation 3.5 (Chhabra and Richardson, 2008).
T =

2πR3 τ
3

(3.4)

τ=

3T
2πR3

(3.5)

The shear rate at a distance r from the center of a cone that is rotating at a angular
velocity of Ω as shown in Figure 3.8 can be determined from the gradient in the
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Figure 3.8: The setup for the cone and plate system with the relevant parameters
for the shear stress shown in (a) and the relevant parameters for the shear rate shown
in (b) (Chhabra and Richardson, 2008).
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angular velocity (Chhabra and Richardson, 2008). At the surface of the rotating
cone, the velocity is rΩ, whereas at the surface of the stationary plate the velocity is
0 (Chhabra and Richardson, 2008). Equation 3.6 expresses the shear rate in terms of
this velocity gradient
Shear Rate =

rΩ − 0
Ω
=
rtan(α)
tan(α)

(3.6)

where α is the angle of the cone (Chhabra and Richardson, 2008). From Equation 3.6
one can see that the shear rate does not depend on the distance r from the center of the
cone and the fluid everywhere within the rotating cone and plate system experiences
the same shear rate (Chhabra and Richardson, 2008). When the angle of the cone
is small, then tan(α) ≈ α and the shear rate can be expressed as shown in Equation
3.7.
Shear Rate =

Ω
α

(3.7)

Thus, the shear rate in the cone and plate setup depends only on the angular velocity
of the cone and the angle of the cone (Chhabra and Richardson, 2008).
The gap between the cone and the plate is fixed in the cone and plate geometry
case (unlike the case of other geometries such as the parallel plate), thus the cone and
plate measurements should normally only be made at a fixed temperature (TA, 2000).
All of the rheological experiments described in this thesis were conducted at a fixed
temperature, because thermal expansion due to temperature changes could change
the gap and aﬀect the measurement for this setup (TA, 2000). Another concern when
using a cone and plate setup with suspensions of relatively large particles is particle
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jamming (Chhabra and Richardson, 2008). The recommendations for the ratio of the
size of the gap to the particle size range from 10 or 20 (Chhabra and Richardson,
2008) or alternatively up to 100 (Mewis and Wagner, 2012) in order to minimize
eﬀects due to jamming.

3.8.2

Cornstarch in Oil Suspensions

One experiment performed with the AR-G2 rheometer used the 40 mm diameter
cone geometry with an angle of slightly less than two degrees. Measurements were
made on seven diﬀerent concentrations of cornstarch in oil starting from 0% (pure
oil) up to 60% cornstarch by mass. In order to minimize any settling of the particles,
all of the samples were mixed thoroughly using a spatula just before being placed
in the rheometer. The temperature of the Peltier plate was set to 23◦ C which was
approximately room temperature at the time of the measurements. For each experiment at each concentration, a thin layer of the suspension spilled out beyond the
edges of the cone on the plate. For these initial experiments, the layer was not wiped
up and stayed there throughout the measurements. In subsequent experiments, the
extra suspension was cleaned up before the measurement was taken so that it would
not aﬀect the measurement.
For each of the samples, the starting shear rate for the measurements was 28.8
s−1 . The shear rate was increased from the starting shear rate for each sample with
measurements made at at least four shear rates. The first sample measured was the
0% cornstarch suspension (100% olive oil). The pure olive oil sample was expected to
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Figure 3.9: The apparent viscosity of the olive oil sample as a function of shear
rate. Note that the units for apparent viscosity are milliPascal*seconds.

behave as a pure Newtonian fluid and therefore served as a check on the reliability of
the measurements. The apparent viscosity of the 100% olive oil sample as a function of
shear rate is displayed in Figure 3.9. The apparent viscosity was defined in Equation
3.1. The olive oil’s viscosity is approximately 74 mPa*s independent of shear rate
across this range, indicating the oil is behaving as a Newtonian fluid over this range
of shear rates as expected. This value of the viscosity of olive oil at this temperature
is consistent with other measurements of olive oil from the literature (Abramovic and
Klofutar, 1998). The apparent viscosity measured for each suspension at a shear rate
of 28.8 s−1 was plotted in Figure 3.10. As can be seen from the figure, the apparent
viscosity increases significantly as a function of the cornstarch concentration.
The 60% suspension of cornstarch in oil was investigated over a wider range of
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Apparent Viscosity (Pa*s)
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Figure 3.10: The apparent viscosity of the cornstarch in oil suspensions as a function of cornstarch concentration. Note that the units for apparent viscosity are Pascal*seconds.

shear rates than the other suspensions. The apparent viscosity as a function of shear
rate for this suspension is plotted in Figure 3.11. The 60% cornstarch in oil suspension
was seen to be displaying shear thinning behavior over this range of shear rates; that
is, the apparent viscosity decreases as the shear rate increases. A power law fit to the
shear stress versus shear rate data led to a dependence of the shear stress on shear
rate to a power of approximately 0.55 as shown in Figure 3.12.
In order to test the reproducibility of the viscosity measurements, two additional
60% cornstarch in oil suspensions were made. The apparent viscosity of the two suspensions was measured as a function of shear rate over a range from approximately
0.1 s−1 to 100 s−1 . The results of these measurements, along with the earlier measurement of the other 60% cornstarch in oil sample, are plotted in Figure 3.13. All
three of the measurements of the apparent viscosity as a function of shear rate are
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Apparent Viscosity (Pa*s)
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Figure 3.11: The apparent viscosity of the 60% cornstarch in oil suspension as a
function of shear rate. Note that the units for apparent viscosity are Pascal*seconds.
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100

10

1
0.01

0.1

1
-1
Shear Rate (s )

10

100

Figure 3.12: The shear stress as a function of shear rate for the 60% cornstarch in
oil suspension on a log-log plot. The power law fit to the data is also plotted.
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Figure 3.13: The apparent viscosity of three 60% cornstarch in oil suspensions as
a function of shear rate on a log-log plot. Note that the units for apparent viscosity
are Pascal*seconds.

mutually consistent and thus the measurements were reproducible.

3.9

Conclusion

The work described in this chapter was undertaken in order to make sure that
the measurements outlined in the rest of this thesis were as reliable and accurate as
possible. This chapter also detailed some preliminary work examining the rheology
of suspensions of cornstarch in water, cornstarch in a density-matched solution, and
cornstarch in oil. The initial rheology measurements were conducted to better understand the onset of shear thickening in each of the suspensions. The cornstarch in oil
suspensions were measured quantitatively in a rotational rheometer. In contrast with
the results displaying shear thickening behavior in cornstarch in water, the suspensions of cornstarch in oil showed shear thinning behavior over the range of shear rates
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studied. This chapter outlined all of the experiments that were completed in order to
assure that reliable ultrasonic characterization of the cornstarch in density-matched
cesium chloride suspensions could be made.
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Chapter 4

Group Velocity Measurements of
Cornstarch Suspensions

4.1

Preface

This chapter details the method and results of the group velocity measurements
made on suspensions of cornstarch in density-matched solutions and in water. An
approximation for the speed of sound in cornstarch granules is inferred from the
measurements of the density-matched suspensions. The group velocity and sample
thickness measurements are critical to the later measurements of the attenuation
coeﬃcient and the phase velocity.
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Figure 4.1: The shadowed reflector setup used for the measurements of the group
velocity. Four timing measurements were necessary because the sample was not placed
in contact with the reflector.

4.2

Experimental Setup

The group velocity of the cornstarch suspensions was measured using the Sollish method (Sollish, 1979; Trousil, 2002). The method can be used in either the
shadowed reflector setup or the through transmission setup. The shadowed reflector method displayed in Figure 4.1 was exclusively employed for the group velocity
measurements described in this thesis. The data was acquired using a focused piezoelectric transducer (Panametrics V309 transducer with a nominal center frequency of
5 MHz, a 0.5 inch diameter and a 2 inch point target focus; Panametrics, Waltham,
MA) attached to a Panametrics 5800 Pulser/Receiver. The signal was received by the
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transducer, amplified by the Pulser/Receiver, and digitized at 8 bits by the TDS5052
Digital Oscilloscope (Tektronix, Beaverton, OR)
The group velocity in the sample was determined using Equation 4.1.
vs = vh

�

tref − tsamp
1+
tBW − tF W

�

(4.1)

where vh is the velocity in the host medium, tref is the roundtrip time for the reference measurement, tsamp is the roundtrip time for the signal to reflect oﬀ of the
steel reflector and return to the transducer with the sample interspersed, tF W is the
roundtrip time for the signal to reflect oﬀ of the front wall of the sample and return
to the transducer, and tBW is the roundtrip time for the signal to reflect oﬀ of the
back wall and return to the transducer (Trousil, 2002).
An additional benefit of the Sollish method is that the sample thickness can be
determined from the same timing measurements as the group velocity. The sample
thickness is given by Equation 4.2
�=

vh
[(tref − tsamp ) + (tBW − tF W )]
2

(4.2)

Measuring the sample thickness ultrasonically was the most accurate means of determining the thickness of a liquid in a sample holder with saran wrap windows. The
host velocity is calculated using a known polynomial relationship between the temperature of water and the speed of sound in water (Marczak, 1997). The calculated
speed of sound in water over a small range of temperatures typical for the experiment is shown in Table 4.1 (Marczak, 1997). The temperature of the host medium
was monitored throughout all of the experiments and did not vary more than 0.2◦ C
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Temperature (◦ C)

Predicted Water Velocity (m/s)

19.0

1479.3

19.1

1479.6

19.2

1479.9

19.3

1480.2

19.4

1480.5

19.5

1480.8

19.6

1481.1

19.7

1481.5

19.8

1481.8

19.9

1482.1

20.0

1482.4

Table 4.1: The calculated speed of sound in water as a function of temperature
over a small range of temperatures (Marczak, 1997).

over the course of any of the group velocity measurements. A variation of 0.2◦ C is
approximately equivalent to variation of 0.5 m/s in the speed of sound in the water.
The timing diﬀerences necessary for the determination of both the group velocity
and sample thickness could be found with a correlation technique (Trousil, 2002). An
alternative way of determining the timing diﬀerences involved calculating the time
at which the maximum of the analytic signal occurs for each signal of interest. The
analytic signal of some function of time x(t) is defined in Equation 4.3
xa (t) = x(t) + i ∗ H[x(t)]

(4.3)

where xa (t) is the analytic signal of x(t) and H[x(t)] is the Hilbert transform of x(t)
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1.0
Reference Trace
Analytic Signal

Amplitude (V)

0.5

0.0

-0.5

-1.0
86

88

90

92
94
96
98
100
Time (µs)
Figure 4.2: An example reference trace is plotted with the magnitude of its analytic
signal.

(Bracewell, 2000). The magnitude of the analytic signal is defined in Equation 4.4
|xa (t)| =

�
x2 (t) + (H[x(t)])2

(4.4)

An example reference signal is plotted in Figure 4.2 along with the magnitude of its
analytic signal determined using Equation 4.4. The time where the maximum of the
analytic signal of the reference signal occurred was determined to be tref . The time
of the corresponding maxima in the analytic signal for the front wall signal, back wall
signal, and sample signal were used to find tF W , tBW , and tsamp . Figure 4.3 plots
the front wall, back wall, and steel reflector signals along with their corresponding
analytic signals for an example trace.
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1.0
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Figure 4.3: A sample trace containing the front wall, back wall, and sample reflector
signals is plotted with the magnitudes of the corresponding analytic signals.

4.3

Cornstarch Measurements

The group velocity was measured for eight samples of cornstarch in a densitymatched solution at concentrations (by mass) of 10%, 20%, 30%, and 40%. Group
velocity measurements were also made of suspensions of cornstarch and water without
cesium chloride. For the cornstarch suspensions in density-matched solutions, shear
thickening behavior was apparent only in the 40% concentration. The samples were
not sheared during measurement, so the shear thickening behavior only aﬀected how
well the samples could be mixed. Extra care was taken to mix the 40% cornstarch
samples as thoroughly as possible, but keeping the sample homogeneously mixed
throughout the measurements proved diﬃcult. Despite this limitation, reasonable
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group velocity measurements were made on a set of 40% cornstarch suspensions in a
density-matched cesium chloride solution.
For the suspensions of cornstarch and water without the addition of cesium chloride for density matching, none of the samples were aﬀected by shear thickening
behavior. As discussed in Section 3.7.1, the shear thickening behavior was not apparent in cornstarch and water suspensions until a concentration of 50%. These
samples were strongly aﬀected by settling, because of the lack of density matching.
For this reason, each sample was vigorously agitated before each individual group
velocity measurement was recorded. Reasonably reliable data was acquired on all of
the measured samples using this method.

4.3.1

10% Cornstarch Suspensions

The group velocity was measured for eight samples of 10% cornstarch suspended
in a 51.5% cesium chloride solution using the Sollish method. The results of those
measurements are presented in Table 4.2 along with the approximate temperature of
the water during each measurement and the standard deviation in the measurement.

Group velocity measurements were also made on four suspensions of 10% cornstarch in water. The results are displayed in Table 4.3. The absolute magnitude of the
group velocity measured in these samples was approximately 30 m/s lower the magnitude of a 10% cornstarch in density-matched cesium chloride brine. The presence of
the cesium chloride partially explains this diﬀerence. Additionally, more cornstarch
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Temperature (◦ C)

Group

Standard

Velocity (m/s)

Deviation (m/s)

10% Cornstarch Suspension #1

19.3

1534

8

10% Cornstarch Suspension #2

19.1

1534

7

10% Cornstarch Suspension #3

18.6

1529

5

10% Cornstarch Suspension #4

20.0

1531

4

10% Cornstarch Suspension #5

19.2

1530

5

10% Cornstarch Suspension #6

18.7

1530

6

10% Cornstarch Suspension #7

19.2

1531

5

10% Cornstarch Suspension #8

20.0

1530

6

Average

-

1531

6

Table 4.2: The group velocity measured in the eight samples of the 10% cornstarch
suspension in a 51.5% cesium chloride brine.

needs to be added to a 10% suspension in a 51.5% cesium chloride solution to achieve
the same volume fraction than in an equivalent amount of just water. Thus, the
presence of more cornstarch in the density-matched suspensions also helps to explain
the diﬀerence. The eﬀect of the faster settling rate in the cornstarch and water suspension can be seen in the higher standard deviation in these measurements than in
the standard deviations of the measurements in the approximately density-matched
solution.

4.3.2

20% Cornstarch Suspensions

Eight samples of 20% cornstarch suspended in a density-matched cesium chloride
brine had their group velocity measured. Group velocity measurements were also
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Temperature (◦ C)

Group

Standard

Velocity (m/s)

Deviation (m/s)

10% Cornstarch in Water #1

19.2

1500

10

10% Cornstarch in Water #2

19.3

1499

11

10% Cornstarch in Water #3

19.2

1497

9

10% Cornstarch in Water #4

19.2

1499

12

Average

-

1499

10

Table 4.3: The group velocity measured in the eight samples of the 10% cornstarch
suspension in water.

made on four samples of 20% cornstarch suspended in plain water. The results of
those measurements are presented in Tables 4.4 and 4.5. These results are consistent
with the 10% cornstarch measurements in that the absolute magnitude of the group
velocity is higher in the density-matched suspensions, whereas the standard deviation
is lower.

4.3.3

30% Cornstarch Suspensions

Group velocity measurements of eight samples of 30% cornstarch suspended in
a density-matched cesium chloride solution and four samples of 30% cornstarch in
water were made. The results of both of these measurements are presented in Tables
4.6 and 4.7. The magnitude of the group velocity is higher in the density-matched
suspensions, whereas the standard deviation is lower consistent with the results in
the other suspensions.
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Temperature (◦ C)

Group

Standard

Velocity (m/s)

Deviation (m/s)

20% Cornstarch Suspension #1

19.5

1605

5

20% Cornstarch Suspension #2

19.6

1604

7

20% Cornstarch Suspension #3

19.6

1604

5

20% Cornstarch Suspension #4

19.7

1601

6

20% Cornstarch Suspension #5

19.5

1596

4

20% Cornstarch Suspension #6

19.5

1596

7

20% Cornstarch Suspension #7

21.1

1606

6

20% Cornstarch Suspension #8

20.6

1604

7

Average

-

1602

6

Table 4.4: The group velocity measured in the eight samples of the 20% cornstarch
suspension in density-matched cesium chloride brine.

Temperature (◦ C)

Group

Standard

Velocity (m/s)

Deviation (m/s)

20% Cornstarch in Water #1

18.8

1525

10

20% Cornstarch in Water #2

19.2

1522

13

20% Cornstarch in Water #3

19.1

1516

11

20% Cornstarch in Water #4

19.2

1522

10

Average

-

1521

11

Table 4.5: The group velocity measured in the four samples of the 20% cornstarch
suspension in water.
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Temperature (◦ C)

Group

Standard

Velocity (m/s)

Deviation (m/s)

30% Cornstarch Suspension #1

20.6

1673

6

30% Cornstarch Suspension #2

20.6

1672

6

30% Cornstarch Suspension #3

20.4

1677

7

30% Cornstarch Suspension #4

20.4

1666

4

30% Cornstarch Suspension #5

19.6

1673

5

30% Cornstarch Suspension #6

19.5

1673

8

30% Cornstarch Suspension #7

19.4

1663

7

30% Cornstarch Suspension #8

19.5

1669

5

Average

-

1671

6

Table 4.6: The group velocity measured in the eight samples of the 30% cornstarch
suspension in density-matched cesium chloride brine.

Temperature (◦ C)

Group

Standard

Velocity (m/s)

Deviation (m/s)

30% Cornstarch in Water #1

18.9

1558

12

30% Cornstarch in Water #2

18.9

1557

11

30% Cornstarch in Water #3

18.9

1543

11

30% Cornstarch in Water #4

18.9

1549

8

Average

-

1552

11

Table 4.7: The group velocity measured in the four samples of the 30% cornstarch
suspension in water.
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Temperature (◦ C)

Group

Standard

Velocity (m/s)

Deviation (m/s)

40% Cornstarch Suspension #1

18.7

1763

9

40% Cornstarch Suspension #2

18.6

1772

10

40% Cornstarch Suspension #3

19.8

1758

8

40% Cornstarch Suspension #4

19.8

1758

9

40% Cornstarch Suspension #5

20.8

1753

9

40% Cornstarch Suspension #6

20.8

1764

10

40% Cornstarch Suspension #7

20.6

1770

8

40% Cornstarch Suspension #8

18.5

1778

9

Average

-

1765

9

Table 4.8: The group velocity measured in the eight samples of the 40% cornstarch
suspension in density-matched cesium chloride brine.

4.3.4

40% Cornstarch Suspensions

Group velocity measurements of eight samples of 40% cornstarch suspended in
a density-matched cesium chloride solution and four samples of 40% cornstarch in
water were made. The results of these measurements are presented in Tables 4.8 and
4.9. Unlike the measurements at the lower concentrations of cornstarch, the standard
deviation in the measurement was approximately the same between the samples that
were density-matched and those that were not. This is a reflection of the diﬃculty
of creating a homogeneous solution when trying to mix a shear thickening fluid. The
magnitude of the group velocity is still much higher in the suspensions with the cesium
chloride brine than in the suspensions in water.
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Temperature (◦ C)

Group

Standard

Velocity (m/s)

Deviation (m/s)

40% Cornstarch in Water #1

19.1

1586

10

40% Cornstarch in Water #2

19.1

1587

9

40% Cornstarch in Water #3

19.2

1599

12

40% Cornstarch in Water #4

19.0

1585

11

40% Cornstarch in Water #3

19.1

1598

10

40% Cornstarch in Water #4

18.9

1603

11

Average

-

1593

11

Table 4.9: The group velocity measured in the four samples of the 40% cornstarch
suspension in water.

4.3.5

Summary of Group Velocity Measurements

The group velocity in the cornstarch suspensions in 51.5% cesium chloride solutions was plotted as a function of cornstarch concentration in Figure 4.4. The group
velocity in the cornstarch suspensions increases fairly systematically from 0% to 30%
cornstarch. The 0% cornstarch measurements were of a 51.5% cesium chloride in
water solution described in Section 3.3. The increase in the group velocity between
30% and 40% is higher than the increase seen between the lower concentrations.
The group velocity in the cornstarch in water suspensions as a function of cornstarch concentration is plotted in Figure 4.5. The group velocity is seen to increase
rather systematically with concentration. The group velocity measurements for both
sets of cornstarch suspensions are plotted in Figure 4.6 as a function of cornstarch
concentration. One should note that the amount of cornstarch in the density-matched
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Group Velocity (m/s)

1800
1700
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1500
1400
0

10
20
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Cornstarch Concentration (%)

40

Figure 4.4: The group velocity of the cornstarch in cesium chloride suspensions
plotted as a function of cornstarch concentration. The 0% cornstarch concentration
is a solution 51.5% cesium chloride. The mean ± the standard deviation is plotted
although the error bars are too small to be visible.
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Group Velocity (m/s)

1650

1600

1550

1500

1450
0

10

20
30
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Figure 4.5: The group velocity of the cornstarch in water suspensions plotted as a
function of cornstarch concentration. The 0% cornstarch concentration is the speed
of sound in water calculated at 19.0◦ C.
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1800
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Figure 4.6: A comparison between the group velocity of cornstarch in cesium chloride suspensions and cornstarch in water suspensions.

suspensions is larger than in the cornstarch in water suspensions even at the same
concentration.

4.4

Conclusion

Group velocity and sample thickness measurements were made on a number of
concentrations of cornstarch suspensions in both a density-matched brine and in plain
water. While interesting in their own right, these measurements are also critical to the
measurement of the attenuation, the phase velocity, and the backscatter coeﬃcient
described in the next several chapters.
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Chapter 5

Attenuation Measurements of
Cornstarch Suspensions

5.1

Preface

This chapter outlines the methods and results of the attenuation measurements
in the cornstarch suspensions. The first section discusses the experimental methods
involved with the measurement. The next section details a study looking into an
experimental diﬀraction correction. The last section describes the measurement of
the attenuation coeﬃcient as a function of frequency for each of the concentrations
of the cornstarch suspensions.
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Figure 5.1: The shadowed reflector experimental setup for the measurement of the
attenuation coeﬃcient as a function of frequency.

5.2

Experimental Methods

The attenuation properties of the cornstarch suspensions were measured using the
shadowed reflector method shown in Figure 5.1. The frequency dependent attenuation
coeﬃcient was determined using the log-spectral subtraction method (Ophir et al.,
1984; Trousil, 2002). The reference measurement was made by recording the reflection
of a signal oﬀ of a steel reflector placed at the focus of the transducer (the distance
“L” in Figure 5.1). The sample measurement was also made with the focus of the
transducer on the steel reflector but with a sample of thickness � placed in between
the transducer and the reflector.
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The reference power spectrum, |Ṽref |2 , is given by Equation 5.1.
|Ṽref |2 = |Ẽ0 (f )|2 ∗ [e−αw (f )∗(2L) ]2 ∗ (RIw→r )

(5.1)

where |Ẽ0 (f )|2 represents the frequency responses of the transducer and the electronics, αw (f ) is the amplitude attenuation coeﬃcient in the water, and RIw→r is the
intensity reflection coeﬃcient at the boundary between the water and the steel reflector (Trousil, 2002). The intensity reflection coeﬃcient due to the interface between
the water and the steel reflector can be determined using Equation 5.2
RIw→r =

|Z̃r − Z̃w |2
|Z̃r + Z̃w |2

(5.2)

where Z̃r is the complex acoustic impedance of the steel reflector and Z̃w is the complex acoustic impedance of the water (Trousil, 2002). Although the complex acoustic
impedances are shown in Equation 5.2, the acoustic impedance can be approximated
as real because the attenuation coeﬃcient is very small compared to the wavenumber in both water and steel. The power spectrum of the sample, |Ṽsamp |2 , can be
determined using Equation 5.3
|Ṽsamp |2 = |Ẽ0 (f )|2 ∗[e−αw (f )∗(2(L−�)) ]2 ∗[e−αs (f )∗(2�) ]2 ∗(RIw→r )∗(TIw→s→c (f ))2 ∗(TIc→s→w (f ))2
(5.3)
where αs is the amplitude attenuation coeﬃcient in the sample, and TIw→s→c and
TIc→s→w are the frequency-dependent intensity transmission coeﬃcients at the interface between the water, the thin saran wrap window, and the cornstarch suspension
(Trousil, 2002). The duration of the pulses used in this thesis are on the order of mi84
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croseconds, whereas the round trip travel time in the saran wrap windows is approximately two orders of magnitude smaller (Trousil, 2002). Therefore, the transmission
coeﬃcients can be expressed in their steady state form (Trousil, 2002; Wear et al.,
2005; Ford, 1970). The steady-state form of the intensity transmission coeﬃcients
between the water, saran wrap, and cornstarch suspension interface is expressed in
Equation 5.4
TIw→s→c (f ) = TIc→s→w (f ) =

4Z̃w Z̃c
(Z̃w + Z̃c )2 ∗ cos2 (ks h) + [Z̃s + Z̃w ∗ Z̃c /Z̃s ]2 ∗ sin2 (ks h)

(5.4)

where Z̃c is the complex acoustic impedance of the cornstarch suspension and Z̃s is
the complex acoustic impedance of the saran wrap, ks is the wavenumber in the saran
wrap, and h is the thickness of the saran wrap (Trousil, 2002). The thin saran wrap
layer at the interface causes the intensity transmission coeﬃcients to have a slight
frequency dependence. An example intensity transmission coeﬃcient calculated for a
10% cornstarch suspension in a 51.5% cesium chloride solution is plotted in Figure
5.2.
The reference power spectrum provides a means for compensating for the system
dependent eﬀects. In order to do this compensation, the signal loss in the system is
determined by dividing the reference power spectrum by the sample power spectrum
as shown in Equation 5.5
e4∗(αs (f )−αw (f ))∗�
|Ṽref |2
= I
(Tw→s→c (f ))2 ∗ (TIc→s→w (f ))2
|Ṽsamp |2

(5.5)

The factor of four in the exponent of the numerator comes from a factor of two because
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Intensity Transmission Coefficient
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0.950

ITC with Saran wrap layer
ITC without Saran wrap layer

0.945

0.940

0.935
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Figure 5.2: An example frequency-dependent intensity transmission coeﬃcient calculated at the interface between the water, the very thin saran wrap window, and a
10% cornstarch suspension in 51.5% cesium chloride solution. The intensity transmission coeﬃcient between the water and a 10% cornstarch suspension in 51.5% cesium
chloride solution is also plotted for comparison.
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of considering the power, and another factor of two due to traversing the sample twice
in the shadowed reflector setup. At the frequencies studied in this thesis (between
1 and 10 MHz) the attenuation coeﬃcient in the sample, αs (f ), is several orders of
magnitude larger than the attenuation coeﬃcient in the water, αw . The attenuation
coeﬃcient in the cornstarch samples is at minimum on the order of 0.1 Np/cm at
5 MHz, while the attenuation coeﬃcient in water is on the order of 10−3 Np/cm
at 5 MHz (Markham et al., 1951; Trousil, 2002). Thus for these measurements, the
attenuation coeﬃcient in the water was considered negligible and the signal loss could
be re-expressed in Equation 5.6
e4∗αs (f )∗�
|Ṽref |2
= I
.
(Tw→s→c (f ))2 ∗ (TIc→s→w (f ))2
|Ṽsamp |2

(5.6)

The signal loss is converted into the logarithmic (base ten) domain in Equation 5.7
using the standard rules of logarithms
10∗log(|Ṽref |2 )−10∗log(|Ṽsamp |2 ) =

20
∗[αs (f )∗2�]−10∗log[(TIw→s→c (f ))2 ∗(TIc→s→w (f ))2 ].
ln(10)
(5.7)

The units of the attenuation coeﬃcient as expressed are Np/m, but the factor

20
ln(10)

is

a conversion between Nepers and decibels. The name of the log spectral subtraction
technique arises as a result of the expression in Equation 5.7. Because the attenuation
coeﬃcient in the sample is the experimental parameter of interest, Equation 5.7 can
be rearranged to arrive at Equation 5.8 (Trousil, 2002).
αsdB (f ) =

1
1
∗[10∗log(|Ṽref |2 )−10∗log(|Ṽsamp |2 )]+ ∗10∗log[(TIw→s→c (f ))2 ∗(TIc→s→w (f ))2 ].
2�
2�
(5.8)
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Figure 5.3: The signal loss for an example 10% cornstarch suspension in a 51.5%
cesium chloride solution. The signal loss is the logarithm of the reference power
spectrum minus the logarithm of the sample power spectrum. The error bars are ±
one standard deviation in the measurement.

The reference and sample power spectra are determined from the experimental measurements of the reference and sample signals. The log spectral subtraction of the
two power spectra detailed in first term on the right hand side of Equation 5.8 results
in the signal loss as displayed in Figure 5.3. The signal loss is then compensated by
the intensity transmission coeﬃcients and the sample thickness in order to arrive at
the experimentally measured attenuation coeﬃcient. The attenuation coeﬃcient for
an example 10% cornstarch suspension in Figure 5.4 (Trousil, 2002).
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Figure 5.4: The attenuation coeﬃcient plotted in dB/cm for an example 10%
cornstarch suspension in a 51.5% cesium chloride solution. The attenuation coeﬃcient
is the signal loss compensated by the intensity transmission coeﬃcients and the sample
thickness. The error bars are ± one standard deviation in the measurement.
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Figure 5.5: The experimental setup for the measurement of the attenuation coeﬃcient of the cornstarch suspensions used for exploring the diﬀraction correction.

5.3

Diﬀraction Correction

The eﬀect of diﬀraction on the measurement of the attenuation coeﬃcient as a
function of frequency was a concern with all of the measurements of the cornstarch.
An experimental diﬀraction correction had been developed by Wu and Kaufman and
independently derived by Laboratory for Ultrasonics alumnus Chris Lloyd (Xu and
Kaufman, 1993; Lloyd, 2010). The Lloyd formalism will be followed throughout
this section (Lloyd, 2010). Figure 5.5 displays the experimental setup and necessary
parameters.
The near field distance for a single frequency of a planar transducer can be calcu-
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lated using Equation 5.9
N=

a2
λ
∗ [1 − ( )2 ]
λ
2a

(5.9)

where a is the radius of the transducer and λ is the wavelength of the ultrasonic
signal. For all the measurements in this thesis the transducer had a center frequency
of 5 MHz and a radius of one half inch. For these parameters and a typical ultrasonic
sound speed in water (approximately 1500 m/s), λ/a2 � 1 and thus the near field
distance can be approximated using Equation 5.10
N≈

a2 f
a2
=
λ
c

(5.10)

where f is the frequency of interest and c is the ultrasonic speed of sound. For a
particular experimental setup, the transmitting transducer radius and the frequency
of interest does not change, and thus the near field distance and the speed of sound
are inversely related. An equivalent statement would be for a particular experimental
setup, the product of the propagation distance, Lref , and the speed of sound in the
host medium, cref , is fixed. The equivalent expression for the sample measurement
shown in Equation 5.11 can be found from examining Figure 5.5.
Lref cref = constant = (Lsamp − d)cref + dcref .

(5.11)

Rearranging the terms in Equation 5.11 and solving for Lsamp results in Equation
5.12
Lsamp = Lref + d(1 − csamp /cref )

(5.12)

The receiving transducer can thus be moved closer or further away from the transmitting transducer for the sample measurement depending on the sample thickness
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Cornstarch

Sample

Group

Diﬀraction

Concentration

Thickness

Velocity

Correction

0% Cornstarch (cref )

∼13 mm

1483 m/s ± 10 m/s

0.0000 m

∼13 mm

1602 m/s ± 6 m/s

-0.0010 m

1765 m/s ± 9 m/s

-0.0026 m

10% Cornstarch
20% Cornstarch
30% Cornstarch
40% Cornstarch

∼13 mm
∼13 mm
∼13 mm

1531 m/s ± 6 m/s

-0.0004 m

1671 m/s ± 6 m/s

-0.0016 m

Table 5.1: The approximate sample thickness and the average group velocity measurements for each concentration of cornstarch in a 51.5% cesium chloride suspension.
The diﬀraction correction calculated for each concentration is also displayed.

and the ratio of the sample speed of sound to the reference speed of sound. The group
velocities and approximate sample thicknesses for each concentration of cornstarch in
a density-matched cesium chloride solution are shown in Table 5.1.
Using the values from Table 5.1 and Equation 5.12, the experimental diﬀraction
correction was calculated for each concentration of cornstarch in suspension with a
51.5% cesium chloride solution. The experimental diﬀraction corrections were also
displayed in Table 5.1 with a negative correction indicating that the receiving transducer must be moved that distance closer to the transmitting transducer.
Attenuation measurements were made on a 30% cornstarch suspension in 51.5%
cesium chloride solution to test whether the experimental diﬀraction correction needed
to be used for all of the attenuation measurements. The 30% cornstarch suspension
was chosen, because this concentration displayed the highest speed of sound of the
concentrations examined without displaying shear thickening which would make the
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Not Diﬀraction Corrected
Diﬀraction Corrected

Slope of Attenuation

Attenuation Coeﬃcient

(dB/cm/MHz)

at 5 MHz (dB/cm)

2.09 ± 0.01

6.5 ± 0.1

2.12 ± 0.02

6.4 ± 0.1

Table 5.2: The slope of the attenuation coeﬃcient and the attenuation coeﬃcient
at 5 MHz for a 30% cornstarch suspension in a 51.5% cesium chloride solution for a
normal measurement and a measurement that has been corrected for diﬀraction.

measurement more diﬃcult. A through transmission measurement of the attenuation
coeﬃcient was made in which the distance between the transducers was kept the
same for both the reference and the sample measurement (the normal procedure).
The through transmission attenuation coeﬃcient measurement was then repeated on
the same sample except for this time the receiving transducer was moved 1.6 mm
closer to the transmitting transducer for the sample measurement in order to experimentally correct for diﬀraction. The data was analyzed and the results of the
attenuation coeﬃcient measurement are shown in Figure 5.6. The slope of the attenuation coeﬃcient and the attenuation coeﬃcient at 5 MHz for both measurements
are displayed in Table 5.2.
The diﬀerence between the diﬀraction-corrected attenuation coeﬃcient and the
attenuation coeﬃcient that was not diﬀraction corrected was negligible for this particular sample. From examining the results of this investigation of one of the 30%
cornstarch suspensions, it was concluded that diﬀraction was having a small eﬀect on
the attenuation results and thus would not be compensated for in the experimental
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Figure 5.6: The attenuation coeﬃcient plotted as a function of frequency for a
sample of 30% cornstarch in a 51.5% cesium chloride brine. One of the measurements
has been corrected for diﬀraction and one has not been corrected for diﬀraction. A
representative error bar is shown for ± one standard deviation.
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studies described in this thesis. Eﬀects of variations in diﬀraction arising from imperfect alignment of the transducer, specimen, and reference reflector appear to be small
or negligible based on the reproducibility of the results, which are consistent among a
significant number of runs for which the experimental configuration was reassembled.

5.4

Attenuation Measurements of Cornstarch Suspensions

Using the methods outlined in Section 5.2, measurements of the attenuation properties of several concentrations of cornstarch suspensions in a 51.5% cesium chloride
solution were made. Attenuation measurements were also made on a number of suspensions of cornstarch and water without the addition of the cesium chloride.

5.4.1

10% Cornstarch Suspensions

The frequency-dependent attenuation coeﬃcient of eight 10% cornstarch in 51.5%
cesium chlorine brine suspensions was measured and displayed in Figure 5.7. The representative error bar plotted in the figure shows plus or minus one standard deviation
for a typical measurement determined from the variability between the individual
measurements of each sample. The slope of the attenuation coeﬃcient was determined by a linear fit to the attenuation coeﬃcient data. The attenuation coeﬃcient
at 5 MHz and the slope of the attenuation coeﬃcient for each of the eight samples is
given in Table 5.3. Both the slope of the attenuation coeﬃcient and the attenuation
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coeﬃcient at 5 MHz were consistent over the eight samples measured. The average
slope of the attenuation coeﬃcient for the 10% cornstarch suspensions in a 51.5%
cesium chloride brine was 0.71 dB/cm/MHz ± 0.02 dB/cm/MHz. The average attenuation coeﬃcient at 5 MHz was 2.04 dB/cm ± 0.05 dB/cm. The small diﬀerences
observed in the two attenuation parameters are partly due to slight inhomogeneities
in the sample due to incomplete mixing. Another potential cause for the diﬀerence
between the measurements was settling of the cornstarch particles. Although the
51.5% cesium chloride solution is a good match for the density of the cornstarch,
some slight settling may occur over the time period of the experiment.
The attenuation coeﬃcient as a function of frequency was measured for two 10%
cornstarch in water suspensions and displayed in Figure 5.7. The slope of the attenuation coeﬃcient and the attenuation coeﬃcient at 5 MHz are displayed in Table 5.3.
The slope of the attenuation coeﬃcient was approximately 0.3 dB/cm/MHz and the
attenuation coeﬃcient at 5 MHz was approximately 0.9 dB/cm in the two samples.

5.4.2

20% Cornstarch Suspensions

The attenuation coeﬃcient as a function of frequency measured in eight 20% cornstarch suspensions in a 51.5% cesium chlorine solution is plotted in Figure 5.8. The
slope of the attenuation coeﬃcient was determined by a linear fit to the attenuation
coeﬃcient data. Table 5.4 displays the attenuation coeﬃcient at 5 MHz and the
slope of the attenuation coeﬃcient for each of the eight samples. Both the slope of
the attenuation coeﬃcient and the attenuation coeﬃcient at 5 MHz were consistent
96
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Figure 5.7: The attenuation coeﬃcient plotted as a function of frequency for the
10% cornstarch suspensions in density-matched cesium chloride brine. The attenuation coeﬃcient for the 10% cornstarch suspensions in water is plotted as well. A
representative error bar displaying plus or minus one standard deviation in the measurement is displayed in the figure for both the density-matched suspensions and the
cornstarch in water suspensions.
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10% Cornstarch Suspension #1
10% Cornstarch Suspension #2
10% Cornstarch Suspension #3
10% Cornstarch Suspension #4
10% Cornstarch Suspension #5
10% Cornstarch Suspension #6
10% Cornstarch Suspension #7
10% Cornstarch Suspension #8
Average
10% Cornstarch in Water #1
10% Cornstarch in Water #2

Slope of Attenuation

Attenuation Coeﬃcient

(dB/cm/MHz)

at 5 MHz (dB/cm)

0.71 ± 0.01

2.00 ± 0.05

0.69 ± 0.01

1.99 ± 0.04

0.68 ± 0.02
0.71 ± 0.01
0.71 ± 0.02
0.70 ± 0.01
0.69 ± 0.01
0.75 ± 0.02
0.71 ± 0.02
0.32 ± 0.09
0.28 ± 0.11

2.03 ± 0.06
2.01 ± 0.05
1.97 ± 0.05
2.02 ± 0.06
1.72 ± 0.07
2.04 ± 0.05
1.97 ± 0.10
0.94 ± 0.10
0.86 ± 0.12

Table 5.3: The slope of the attenuation coeﬃcient and the attenuation coeﬃcient
at 5 MHz measured in the eight samples of the 10% cornstarch suspension in a 51.5%
cesium chloride brine and two samples of a 10% cornstarch in water suspensions.
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over the eight samples measured with the average slope of the attenuation coeﬃcient
determined to be 1.41 dB/cm/MHz ± 0.05 dB/cm/MHz and the average attenuation coeﬃcient at 5 MHz determined to be 4.32 dB/cm ± 0.22 dB/cm. The small
diﬀerences observed in the two attenuation parameters across the eight samples are
primarily due to slight inhomogeneities in the sample due to incomplete mixing.
The frequency-dependent attenuation coeﬃcient was measured for two 20% cornstarch in water suspensions and displayed in Figure 5.8. The slope of the attenuation
coeﬃcient and the attenuation coeﬃcient at 5 MHz are displayed in Table 5.4. The
slope of the attenuation coeﬃcient was approximately 0.55 dB/cm/MHz and the attenuation coeﬃcient at 5 MHz was approximately 2 to 3 dB/cm in the two samples.

5.4.3

30% Cornstarch Suspensions

The attenuation coeﬃcient of eight 30% cornstarch suspensions in a 51.5% cesium
chlorine solution were measured. The results of those measurements are plotted in
Figure 5.9. The slope of the attenuation coeﬃcient was determined by a linear fit to
the attenuation coeﬃcient data. Table 5.5 displays the attenuation coeﬃcient at 5
MHz and the slope of the attenuation coeﬃcient for each of the eight samples. Both
the slope of the attenuation coeﬃcient and the attenuation coeﬃcient at 5 MHz were
consistent over the eight samples measured with the average slope of the attenuation
coeﬃcient determined to be 2.12 dB/cm/MHz ± 0.11 dB/cm/MHz and the average
attenuation coeﬃcient at 5 MHz determined to be 6.71 dB/cm ± 0.45 dB/cm. The
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Figure 5.8: The attenuation coeﬃcient plotted as a function of frequency for the
20% cornstarch suspensions in density-matched cesium chloride brine. The attenuation coeﬃcient for the 20% cornstarch suspensions in water is plotted as well. A
representative error bar displaying plus or minus one standard deviation in the measurement is displayed in the figure that approximately represents the error in both the
density-matched suspension measurement and the cornstarch in water measurement.
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20% Cornstarch Suspension #1
20% Cornstarch Suspension #2
20% Cornstarch Suspension #3
20% Cornstarch Suspension #4
20% Cornstarch Suspension #5
20% Cornstarch Suspension #6
20% Cornstarch Suspension #7
20% Cornstarch Suspension #8
Average
20% Cornstarch in Water #1
20% Cornstarch in Water #2

Slope of Attenuation

Attenuation Coeﬃcient

(dB/cm/MHz)

at 5 MHz (dB/cm)

1.42 ± 0.04

4.43 ± 0.19

1.41 ± 0.08

4.14 ± 0.11

1.36 ± 0.03
1.38 ± 0.06
1.45 ± 0.06
1.39 ± 0.01
1.41 ± 0.01
1.42 ± 0.02
1.41 ± 0.05
0.58 ± 0.07
0.51 ± 0.04

4.81 ± 0.25
4.22 ± 0.19
4.16 ± 0.06
4.26 ± 0.09
4.27 ± 0.04
4.30 ± 0.05
4.32 ± 0.22
2.97 ± 0.14
2.17 ± 0.31

Table 5.4: The slope of the attenuation coeﬃcient and the attenuation coeﬃcient
at 5 MHz measured in the eight samples of the 20% cornstarch suspension in a 51.5%
cesium chloride brine and two samples of a 20% cornstarch in water suspensions.

101



" #  $" % #  
" #  & 
'("  )*+ * 



 






  

5.4 Attenuation Measurements of Cornstarch Suspensions







   !





Figure 5.9: The attenuation coeﬃcient plotted as a function of frequency for the
30% cornstarch suspensions in density-matched cesium chloride brine. The attenuation coeﬃcient for the 30% cornstarch suspensions in water is plotted as well. A
representative error bar displaying plus or minus one standard deviation in the measurement is displayed in the figure that approximately represents the error in both the
density-matched suspension measurement and the cornstarch in water measurement.

small diﬀerences observed in the two attenuation parameters across the eight samples
are primarily due to slight inhomogeneities in the sample due to incomplete mixing.
The frequency-dependent attenuation coeﬃcient was measured for two 30% cornstarch in water suspensions and displayed in Figure 5.9. The slope of the attenuation
coeﬃcient and the attenuation coeﬃcient at 5 MHz are displayed in Table 5.5. The
slope of the attenuation coeﬃcient was approximately 1.0 dB/cm/MHz and the attenuation coeﬃcient at 5 MHz was approximately 4.5 dB/cm in the two samples.
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30% Cornstarch Suspension #1
30% Cornstarch Suspension #2
30% Cornstarch Suspension #3
30% Cornstarch Suspension #4
30% Cornstarch Suspension #5
30% Cornstarch Suspension #6
30% Cornstarch Suspension #7
30% Cornstarch Suspension #8
Average
30% Cornstarch in Water #1
30% Cornstarch in Water #2

Slope of Attenuation

Attenuation Coeﬃcient

(dB/cm/MHz)

at 5 MHz (dB/cm)

2.14 ± 0.04

7.18 ± 0.16

2.14 ± 0.02

6.84 ± 0.19

2.20 ± 0.04
2.16 ± 0.03
2.14 ± 0.03
2.09 ± 0.11
1.87 ± 0.04
2.20 ± 0.02
2.12 ± 0.11
0.96 ± 0.02
1.07 ± 0.10

7.28 ± 0.20
7.02 ± 0.25
6.42 ± 0.08
6.43 ± 0.15
5.93 ± 0.11
6.61 ± 0.15
6.71 ± 0.45
4.34 ± 0.27
4.93 ± 0.35

Table 5.5: The slope of the attenuation coeﬃcient and the attenuation coeﬃcient
at 5 MHz measured in the eight samples of the 30% cornstarch suspension in a 51.5%
cesium chloride brine and two samples of a 30% cornstarch in water suspensions.
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5.4.4

40% Cornstarch Suspensions

Eight 40% cornstarch suspensions in a 51.5% cesium chlorine solution had their
attenuation coeﬃcient as a function of frequency measured and displayed in Figure
5.10. The 40% cornstarch suspensions were the first set of suspensions at a concentration high enough to display shear thickening behavior. The shear thickening behavior
made the suspensions diﬃcult to mix which resulted in a greater variability in the
ultrasonic measurements. Table 5.6 displays the attenuation coeﬃcient at 5 MHz and
the slope of the attenuation coeﬃcient for each of the eight samples. The slope of the
attenuation coeﬃcient determined by a linear fit to the data was 3.41 dB/cm/MHz
± 0.20 dB/cm/MHz. The average attenuation coeﬃcient at 5 MHz was determined
to be 11.98 dB/cm ± 1.23 dB/cm.
The frequency-dependent attenuation coeﬃcient was measured for two 40% cornstarch in water suspensions and displayed in Figure 5.10. The slope of the attenuation
coeﬃcient and the attenuation coeﬃcient at 5 MHz are displayed in Table 5.6. The
slope of the attenuation coeﬃcient was approximately 1.75 dB/cm/MHz. The attenuation coeﬃcient at 5 MHz was measured to be approximately 7 to 8 dB/cm.

5.4.5

Summary of Measurements

The measurements of the attenuation coeﬃcient as a function of frequency are
summarized in Figure 5.11. The figure displays the individual measurements of the
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Figure 5.10: The attenuation coeﬃcient plotted as a function of frequency for the
40% cornstarch suspensions in density-matched cesium chloride brine. The attenuation coeﬃcient for the 40% cornstarch suspensions in water is plotted as well. A
representative error bar displaying plus or minus one standard deviation in the measurement is displayed in the figure for both the density-matched suspensions and the
cornstarch in water suspensions.
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40% Cornstarch Suspension #1
40% Cornstarch Suspension #2
40% Cornstarch Suspension #3
40% Cornstarch Suspension #4
40% Cornstarch Suspension #5
40% Cornstarch Suspension #6
40% Cornstarch Suspension #7
40% Cornstarch Suspension #8
Average
40% Cornstarch in Water #1
40% Cornstarch in Water #2

Slope of Attenuation

Attenuation Coeﬃcient

(dB/cm/MHz)

at 5 MHz (dB/cm)

3.62 ± 0.13

11.45 ± 0.61

3.41 ± 0.18

12.42 ± 0.64

3.31 ± 0.26
3.50 ± 0.22
2.97 ± 0.41
3.42 ± 0.08
3.44 ± 0.21
3.57 ± 0.14
3.41 ± 0.20
1.72 ± 0.04
1.77 ± 0.11

10.48 ± 0.14
13.17 ± 0.38
12.53 ± 1.09
13.94 ± 0.24
10.96 ± 0.76
10.85 ± 0.25
11.98 ± 1.23
6.87 ± 0.38
7.71 ± 0.77

Table 5.6: The slope of the attenuation coeﬃcient and the attenuation coeﬃcient
at 5 MHz measured in the eight samples of the 40% cornstarch suspension in a 51.5%
cesium chloride brine and two samples of a 40% cornstarch in water suspensions.
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10% Cornstarch Suspensions
20% Cornstarch Suspensions
30% Cornstarch Suspensions
40% Cornstarch Suspensions

Slope of Attenuation

Attenuation Coeﬃcient

(dB/cm/MHz)

at 5 MHz (dB/cm)

0.71 ± 0.02

1.97 ± 0.10

2.12 ± 0.11

6.71 ± 0.45

1.41 ± 0.05
3.41 ± 0.20

4.32 ± 0.22
11.98 ± 1.23

Table 5.7: The average slope of the attenuation coeﬃcient and the average attenuation coeﬃcient at 5 MHz for each of the concentrations of cornstarch suspended in
a 51.5% cesium chloride solution.

attenuation coeﬃcient for each of the samples at each concentration. Both the magnitude of the attenuation coeﬃcient and the slope of the attenuation coeﬃcient can be
seen to increase relatively systematically as the concentration of cornstarch in the suspension increases. To further illustrate the changes in the attenuation properties with
increasing concentration Table 5.7 displays the average slope of the attenuation coeﬃcient and the average attenuation coeﬃcient at 5 MHz for each of the concentrations
of cornstarch. Both parameters of attenuation are seen to increase systematically
from a concentration of 10% to 20% to 30% before a larger increase to 40%. The
variability in the measurements can also be seen to increase as the concentration
increases, reflecting the increasing diﬃculty of the measurement as the suspension
became more viscous. Table 5.8 and Figure 5.8 display a summary of the attenuation
measurements for the cornstarch and water suspensions for comparison purposes. A
further comparison can be seen in Figure 5.13 of the attenuation coeﬃcient at 5 MHz
for the two diﬀerent types of suspensions.
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Attenuation Coefficient (dB/cm)
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Figure 5.11: The attenuation coeﬃcient plotted as a function of frequency for each
of the individual measurements at each of the concentrations of cornstarch suspended
in a 51.5% cesium chloride solution. The error bars are not plotted but representative
error bars for each of the diﬀerent concentrations of cornstarch can be seen in the
earlier figures.
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Figure 5.12: The attenuation coeﬃcient plotted as a function of frequency for
each of the cornstarch in water suspensions. The error bars are not plotted but
representative error bars for each of the diﬀerent concentrations of cornstarch can be
seen in the earlier figures.

10% Cornstarch Suspensions #1
10% Cornstarch Suspensions #2
20% Cornstarch Suspensions #1
20% Cornstarch Suspensions #2
30% Cornstarch Suspensions #1
30% Cornstarch Suspensions #2
40% Cornstarch Suspensions #1
40% Cornstarch Suspensions #2

Slope of Attenuation

Attenuation Coeﬃcient

(dB/cm/MHz)

at 5 MHz (dB/cm)

0.32 ± 0.09

0.94 ± 0.10

0.58 ± 0.07

2.97 ± 0.14

0.96 ± 0.02

4.34 ± 0.27

1.72 ± 0.04

6.71 ± 0.45

0.28 ± 0.11
0.51 ± 0.04
1.07 ± 0.10
1.77 ± 0.11

0.86 ± 0.12
2.17 ± 0.31
4.93 ± 0.35
7.71 ± 0.77

Table 5.8: The slope of the attenuation coeﬃcient and the attenuation coeﬃcient
at 5 MHz for each of the cornstarch in water suspensions
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Attenuation Coefficient (dB/cm)
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Figure 5.13: The average attenuation coeﬃcient at 5 MHz plotted for each concentration of the cornstarch suspensions in a 51.5% cesium chloride solution. The error
bars are plotted as ± one standard deviation. The attenuation coeﬃcient at 5 MHz
for each of the measurements of samples of cornstarch in water suspensions is also
plotted.
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5.5

Conclusion

This chapter described the experimental method for measuring the attenuation
coeﬃcient as a function of frequency in the cornstarch suspensions. A method for
the diﬀraction correction was described, studied and ultimately determined to be
unnecessary for the attenuation measurements, because the speed of sound in the
sample was not diﬀerent enough from the speed of sound in water. The rest of the
chapter presented the results of the measurement of the attenuation coeﬃcient for
each of the concentrations of cornstarch in suspension with a 51.5% cesium chloride
solution. Measuring the attenuation coeﬃcient of the cornstarch suspensions in a
51.5% cesium chloride solution is an important step toward determining the feasibility
and design of future ultrasonic experiments probing the cornstarch suspensions’ shear
thickening behavior.
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Chapter 6

Phase Velocity Measurements of
Cornstarch Suspensions

6.1

Preface

This chapter begins with a brief review of phase that is used to help explain
the broadband phase spectroscopy method employed for some of the experimental
measurements. The chapter continues with an explanation of the narrowband phase
velocity technique followed by a discussion of the Kramers-Kronig relations. The last
section of the chapter presents the phase velocity measurements of four diﬀerent concentrations of cornstarch in a density-matched cesium chloride solution and highlights
a surprising result.
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6.2

A Brief Review of Phase

To better understand the phase velocity measurements, a short review of phase
is in order. The Fourier Shift Theorem shown in Equation 6.1 demonstrates how a
shift in the time domain is equivalent to a shift in phase in the frequency domain
(Bracewell, 2000).
F[f (t − a)] = e−iaω F̃ (ω)

(6.1)

where a is the shift in the time domain, F indicates a Fourier transform, and F̃ (ω)
is the Fourier transform of f (t). The Fourier shift theorem shows that as a signal
propagates in time, the Fourier transform of that signal accumulates phase. One
important insight gained from examination of Equation 6.1 is that higher frequencies
experience larger phase shifts for the same shift in the time domain. Although most
of the experimental work was completed using the shadowed reflector setup shown in
Figure 6.1, this discussion of the phase will center around the through transmission
setup displayed in Figure 6.2.
The key component of the phase velocity measurement is determining the diﬀerence in the accumulated phase between the reference signal and sample signal over
the entire distance between the transducers. In order to visualize this phase accumulation, a through transmission experiment involving a host medium with a phase
velocity of 1480 m/s and a sample with a phase velocity of 1530 m/s can be considered. The phase accumulation at a certain frequency per distance the signal travels
can be calculated from the knowledge of the phase velocities. The wavenumber in the
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Figure 6.1: Shadowed reflector setup for the broadband phase velocity measurements. The transducer is aligned with the steel reflector. The sample is placed in
between the transducer and the reflector but in this case is not touching the reflector.
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Figure 6.2: Through transmission setup for the broadband phase velocity measurements. The two transducers are aligned with each other. The sample is placed
between the two transducers for the sample measurement.
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host medium and in the sample is calculated in Equations 6.2 and 6.3 respectively at
a frequency of 4 MHz. If a frequency higher than 4 MHz was considered, both the
Fourier Shift theorem and the equation for the wavenumber indicate that the phase
would accumulate more quickly with distance.
kref (ω) =
ksamp (ω) =

ω
vref

2π(4 ∗ 106 Hz)
= 16, 982 rad/m
1480 m/s

(6.2)

2π(4 ∗ 106 Hz)
≈
= 16, 426 rad/m
1530 m/s

(6.3)

≈

ω
vsamp

The calculations in Equations 6.2 and 6.3 indicate that the phase accumulates faster
in the medium with the lower phase velocity. From these calculated wavenumbers,
the accumulated phase as a function of distance can be plotted for both the reference
signal and the sample signal. Figure 6.3 plots the accumulated phase for both the
reference signal and the sample signal as a function of distance up until the point
that the sample signal reaches the sample. In this figure both signals are propagating
through the host medium so they accumulate phase at the rate given by Equation 6.2.
Figure 6.4 displays the accumulated phase from the transmitting transducer through
the point where the sample signal has traversed the entire sample. The reference
signal travels the same distance but entirely through the host medium. Figure 6.5
shows a magnified version of the diﬀerence in phase accumulation over the thickness of
the sample. The reference phase accumulates more quickly over this distance because
the phase velocity in the host medium is less than the phase velocity in the sample.
Figure 6.6 shows the phase that accumulates throughout the entire experiment for
the both the reference and the sample signal plotted as a function of distance. Once
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Figure 6.3: The comparison of the accumulation of phase for both reference and
sample measurement as a function of distance. The transmitting and receiving transducer are shown in the figure to help connect the phase accumulation with the physical
measurement.
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Figure 6.4: The comparison of the accumulation of phase for both the reference and
sample measurements as a function of distance up until the back wall of the sample.
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Figure 6.5: A magnified portion of Figure 6.4 to highlight the diﬀerence in the accumulation of phase between the reference and sample signal over the sample thickness.
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Figure 6.6: The comparison of the accumulation of phase for both the reference
and sample measurements as a function of distance from the transmitting transducer
to the receiving transducer

the sample signal has made it through the sample it travels through the host medium
until it reaches the receiving transducer. Thus, the two signals accumulate phase at
the same rate over this distance and the phase diﬀerence does not change. Figure 6.7
highlights this point by plotting the phase for both signals over the distance from the
back wall of the sample until the receiving transducer.
The previous set of figures highlighted the diﬀerence between the phase accumulated by the reference signal and the phase accumulated by the sample signal as a
function of distance. However, this discussion assumed a knowledge of the phase
velocity to determine the phase diﬀerence. In the actual measurement, the phase
diﬀerence is used to calculate the phase velocity.
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Figure 6.7: A magnified portion of Figure 6.6 to highlight that both signals accumulate phase at the same rate once the sample signal has moved through the sample.

A diﬀerent but equally valid way of visualizing the phase diﬀerence would be to
look at the accumulation on a phase plot as shown in Figures 6.8, 6.9, 6.10, and 6.11.
In the first figure, both the reference phase and sample phase start at an arbitrary
phase dependent on the phase at the face of the transmitting transducer when the
signals are transmitted (Trousil et al., 2001) . In the second figure, both the reference
and sample phase accumulate at the same rate until the signal reaches the front wall
of the sample, because they are both moving through the same distance of the host
medium. Each revolution around the phase plot would indicate the accumulation of
2π radians of phase. Figure 6.4 shows that the actual accumulated phase up until
the signal reaches the front wall of the sample is much larger than 2π. The “paths”
shown in Figure 6.9 are merely meant to indicate the many revolutions about the
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phase plot this accumulated phase would require.
Figure 6.10 shows the apparent phase diﬀerence after the sample signal has traveled through the sample and the reference signal has traveled an equivalent distance.
The actual phase diﬀerence may be larger than what the figure at first seems to be
indicating. The reference phase may have accumulated much more quickly than the
sample phase (or vice versa) and may have “lapped” the sample phase many times.
The actual phase diﬀerence is the angle between the two phases shown in the figure
plus some integer multiple of 2π. This ambiguity in the phase angle to integer multiples of 2π is known as the phase sheet ambiguity and is an important component of
the phase velocity calculation discussed later in the chapter.
Figure 6.11 shows both phases after both signals have traversed the rest of the
distance from the back wall of the sample to the receiving transducer. Because both
signals travel through the host medium for this entire period, the phase diﬀerence
between them does not change (as was the case in Figure 6.6). The “paths” shown
in Figure 6.9 are not displayed, although both phases went through many revolutions around the phase plot between the back wall of the sample and the receiving
transducer.
The ideas of the phase diﬀerence and the phase sheet ambiguity are central to
the measurement of the phase velocity using the broadband phase spectroscopy technique. Building on the ideas explained in this section, the experimental method for
broadband phase spectroscopy will be discussed in detail in the next section.
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Reference Phase Angle!
Sample Phase Angle!

t
Figure 6.8: Both the sample and reference phase start at an arbitrary phase dependent on the experimental setup. This figure shows the starting point of the phase
accumulation.
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Imaginary!
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Reference Phase Angle!
Sample Phase Angle!

Figure 6.9: This phase plot shows the accumulation of the sample and reference
phase in the host medium before reaching the sample. They both travel the same
path up to this point so they accumulate phase at the same rate. The “paths” shown
are meant only to indicate that the phase accumulated thus far would require many
revolutions around the phase plot.
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Reference Phase Angle!
Sample Phase Angle!

Figure 6.10: The accumulation of phase as the sample signal goes through the
sample and the reference signal continues to travel through the host medium. In this
example, the sample phase velocity is assumed to be greater than the host medium’s
phase velocity so the reference phase accumulates more quickly over this distance.
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Real!

Figure 6.11: The accumulation of phase after the sample signal has passed through
the sample. At this point both the reference and the sample signal traverse the same
distance in the host medium so the phase diﬀerence does not change over this region.
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6.3

Broadband Phase Spectroscopy

The formalism followed in this thesis for the explanation of phase spectroscopy
was laid out by Laboratory for Ultrasonics alumnus Rebecca Trousil in her Ph.D.
dissertation (Trousil, 2002). Trousil’s formalism is based on that of Sachse and Pao
who first introduced the broadband phase spectroscopy technique (Sachse and Pao,
1978). One notable exception to the formalism will be a diﬀerence in the labeling of
one of the steps in the broadband phase spectroscopy analysis. Most of the broadband
phase velocity measurements discussed in this thesis were made using the shadowed
reflector method, so the discussion of the method will be based on this technique.
Figure 6.1 displays the two measurements that are made for the broadband phase
spectroscopy technique using the shadowed reflector method. The general complex
frequency response received at the transducer is expressed in Equation 6.4.
Ũ (x, ω) = A(ω)ei[(k(ω)+iα(ω))x+γ(ω)]

(6.4)

where Ũ is the complex frequency response received, A(ω) is the frequency dependent
amplitude, k(ω) is the wavenumber, α is the amplitude attenuation coeﬃcient, x is
the propagation distance, and ζ is some initial arbitrary phase that depends on the
experimental setup (Trousil, 2002). The complex frequency response for the reference
measurement is shown in Equation 6.5.
Ũref (x, ω) = |Ũref (x = 2L, ω)|eiφref (ω)

(6.5)

where Ũref is the complex frequency response of the reference measurement, |Ũref | =
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A(ω)e−2αref (ω)L is the magnitude of the complex frequency response with L being the
distance between the transducer and the steel reflector, and φref (ω) = 2kref (ω)L +
ζ(ω) is the phase of the complex frequency response of the reference measurement.
The complex frequency response for the sample measurement is displayed in Equation 6.6
Ũsamp (x, ω) = |Ũsamp (x = 2L, ω)|eiφsamp (ω)

(6.6)

where Ũsamp is the complex frequency response of the sample measurement,
p
p
p
|Ũsamp | = (T̃h→s
R̃s→r
T̃s→h
)A(ω)e−αref (ω)2(L−�)−αs (ω)2� is the magnitude of the comp
p
plex frequency response, T̃s→h
and T̃h→s
are the pressure amplitude transmission
p
coeﬃcients between the host medium and the sample, R̃s→r
is the pressure amplitude

reflection coeﬃcient between the host medium and the reflector, � is the sample thickness, and φsamp (ω) = 2kref (ω)(L − �) + 2ks (ω)� + ζ(ω) is the phase of the complex
frequency response of the sample measurement (Trousil, 2002).
The complex transmission and reflection coeﬃcients are defined in terms of the
complex acoustic impedance. The attenuation coeﬃcient in all of the media studied
in this thesis is small compared to the rest of the complex wavenumber (Trousil,
2002). For this reason, the complex acoustic impedance (and thus the transmission
and reflection coeﬃcients) was approximated as a real quantity (Trousil, 2002).
The phase velocity is determined from the phase diﬀerence between the reference
measurement and the sample measurement. The phase diﬀerence between the sample
and reference signals is defined in Equation 6.7 (Trousil, 2002). The phase velocity
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in the host medium is known to be approximately independent of frequency.
Phase Diﬀerence ≡ φsamp (ω) − φref (ω) = 2ω�

�

1
1
−
vs (ω) vh

�

(6.7)

The phase velocity in the sample can be found by rearranging Equation 6.7 to arrive
at Equation 6.8.
vs (ω) = vh

�

2ω�
2ω� + vh ∆φ(ω)

�

(6.8)

The thickness of the sample is measured ultrasonically as described in Section 4.2 and
the phase velocity of the host medium (typically water) is calculated from inputting
the temperature of the water into a fifth degree polynomial (Marczak, 1997). As
discussed in the previous section, the key component to determining the phase velocity
experimentally is finding the phase diﬀerence.

6.4

Experimental Phase Diﬀerence

The phase diﬀerence is defined as the diﬀerence between the sample phase and
the reference phase. The experimental reference phase is shown by Equation 6.9 and
the experimental sample phase is shown by Equation 6.10.
ref
ref
φref (ω) = (φref
shif t (ω) + 2πm) + ωτdelay + ωτshif t

samp
samp
φsamp (ω) = (φsamp
shif t (ω) + 2πn) + ωτdelay + ωτshif t

(6.9)
(6.10)

where φshif t is the phase of the shifted signal, m and n are integers indicating the
ambiguity in the phase sheet, τdelay is the b-delay time, and τshif t is the amount in time
that the signal is shifted. Note that the diﬀerence between Trousil’s formalism and
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the formalism in this thesis comes from the labeling and explanation of the “shift”.
Both methods shift the signal but Trousil’s formalism emphasizes the symmetrization
of the signal. The formalism established in this thesis treats the shift in a similar way
to the shift due to the b-delay. Although the labeling of this step has been changed,
the analysis itself stays exactly the same. Using Equations 6.9 and 6.10, Equation
6.7 can be re-expressed in Equation 6.11
ref
samp
ref
samp
ref
Phase Diﬀerence = [(φsamp
shif t (ω)−φshif t (ω))+2π(m−n))]+ω(τdelay −τdelay )+ω(τshif t −τshif t )

(6.11)
where the diﬀerence (m−n) is known as the phase sheet oﬀset. This description of the
phase breaks up the components in a slightly diﬀerent way than the earlier discussion
of phase. The diﬀerent parts are due to the way the experimental data is analyzed.
Figure 6.12 displays a reference signal labeling some of the terms of Equation 6.11.
The trigger delay (b-delay) tells the oscilloscope to wait a certain amount of time
after the trigger before beginning to acquire data. Because the time the signal takes
to propagate from one transducer to the other is many tens of microseconds, the
b-delay allows the oscilloscope window to be centered around the received signal on
a much shorter time base than would otherwise be possible.
The phase angles for both the reference and sample signal are found using a four
quadrant inverse tangent function. This function is ambiguous to integer multiples
of 2π. One revolution around the phase plot shown in Figure 6.9 would be equivalent
to accumulating 2π in phase. The four quadrant inverse tangent is only capable of
determining a phase angle between -π and π. Thus, no matter how much phase a
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Figure 6.12: An example reference signal is shown. Both the reference b-delay time
and the time shift are labeled.

signal has accumulated, the phase found using the four quadrant inverse tangent will
be between -π and π radians.
The term φshif t from Equation 6.11 is the portion of the phase diﬀerence calculated
using the four quadrant inverse tangent function. The other components of the phase
in the equation are found from multiplying the angular frequency by the time shift
inherent in each component. The τdelay term is due to the time from the point when
the transmitting transducer emits the signal until the beginning of the oscilloscope
window as shown in Figure 6.12.
In order to put the reference and the sample trace on even more equal footing
before the calculation of the four quadrant inverse tangent, both signals are shifted to
the beginning of the trace. This process (referred to as “symmetrization” in Trousil’s
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formalism) reduces the amount of phase wrapping that will occur when the phase
angle shifts from π to -π (Trousil, 2002). Phase wrapping occurs when the phase
angle appears to undergo an abrupt discontinuity from π to -π as shown in Figure
6.13. The figure illustrates how a small actual accumulation in phase results in jump
from π to -π in the phase angle because of the way it is determined. Minimizing the
number of times the phase angle wraps in this way is the main reason for this shifting
of the signal in time. Figure 6.14 plots the phase for the reference signal shown in
Figure 6.12 when the signal is unshifted and when the signal has been shifted so that
the peak positive voltage is at the beginning of the trace. The figure demonstrates
the benefit of shifting the trace before calculating the phase angle in order to cut
down on the rapid phase wrapping evident across the bandwidth in the unshifted
signal.

A number of diﬀerent methods for shifting the trace have been proposed

including shifting the peak intensity of the signal, the positive peak of the signal, and
the centroid of the signal (Trousil, 2002; He, 1999). When the time domain signal is
shifted in this way, the portion of the signal that would lie to the left of zero appears
at the far right of the time record. For the work in this thesis, the peak positive
voltage was shifted to the start of the record, because this technique is particularly
eﬀective at reducing any additional discontinuities in the phase spectrum (Trousil,
2002).
After both the reference and sample signals have been shifted to the start of the
window the four quadrant inverse tangent can be used to determine the phase across
the bandwidth of interest. At this point all of the components of Equation 6.11
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≈ 2.5 radians"

Accumulated Phase "
≈ 3.8 radians"

Phase Angle ≈ -2.5 radians"

Phase Angle ≈ 2.5 radians"

Figure 6.13: A visual explanation of phase wrapping demonstrating how a small
change in phase leads to a large jump in the phase angle because of how the phase
angle is found. The accumulated phase is shown in grey and the phase angle is shown
in black.
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Figure 6.14: The phase angle is plotted for a signal that has been shifted to the
beginning of the trace and the same signal unshifted. The rapid phase wrapping
evident in the bandwidth if the signal is not shifted is readily apparent.
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Figure 6.15: The phase velocity calculated using five diﬀerent phase sheet oﬀsets.
The large variation in the phase velocity with the phase sheet oﬀset is apparent. The
error bars (±3 m/s) were not plotted on the figure because they were too small to be
seen on this scale.

have been determined other than the phase sheet ambiguity. The phase diﬀerence is
calculated for a number of diﬀerent phase sheet ambiguities and these values are used
to calculate the phase velocity using Equation 6.8. An example phase velocity with
several diﬀerent phase sheet oﬀsets is shown in Figure 6.15. The significant eﬀect
the phase sheet oﬀset can have on the phase velocity is apparent from the figure.
A number of diﬀerent methods have been proposed for eliminating the phase sheet
ambiguity including measuring the narrowband phase velocity or using the KramersKronig relations (Trousil et al., 2001). For this thesis, the phase sheet ambiguity was
resolved using both of these methods where appropriate.
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6.4.1

Saran Wrap Window Compensation

The sample molds used for the phase velocity measurements contained very thin
saran wrap windows. The calculation for the sample phase must take into account
the eﬀect of the saran wrap windows. The best estimates of the physical and ultrasonic properties of Saran WrapTM were made by an alumnus of the Laboratory for
Ultrasonics Chris Lloyd (Lloyd, 2009). The density of Saran WrapTM was reported
at 921 kg/m3 , the speed of sound in SaranTM wrap was estimated to be 2400 m/s,
and the thickness of the Saran WrapTM was estimated to be 15 µm. In the shadowed
reflector setup, the ultrasonic signal passes through the Saran WrapTM windows four
times (into the front wall of the sample, out of the back wall of the sample and then
into the back wall and out of the front wall after the reflection of the signal oﬀ of the
steel reflector). Mobley et al. utilizes a slightly modified version of Equation 6.8 given
in Equation 6.12 that includes a compensation for the Saran WrapTM layer (Mobley
et al., 1999).
vs (ω) = vh

�

2ω�
2ω� + vh (∆φ(ω) + φc (ω, h))

�

(6.12)

where φc = 2ωh(1/cp (ω) − 1/cw ) is the phase accumulation due to the saran wrap
windows, h is the thickness of the saran wrap, and cp is the speed of sound in the
saran wrap. Because the saran wrap windows are so thin, the contribution to the
overall phase velocity from the φc term is negligible and thus the compensation was
not used in this thesis.
The measurements discussed in Section 6.7.1 that compare the through transmis-
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sion and shadowed reflector method provide experimental evidence of the insignificance of this compensation. In the shadowed reflector method, the ultrasonic signal
travels through the saran wrap window four times as opposed to two times for the
through transmission method. Despite a doubling in the influence of the saran wrap
between the two methods, essentially no diﬀerence is found in the resulting measurements of the phase velocity displayed in Figure 6.27.

6.5

Narrowband Phase Velocity Measurements

Narrowband phase velocity measurements were made in order to determine unambiguously the proper phase sheet oﬀset for the broadband phase velocity measurements (Trousil et al., 2001). These measurements also provided an independent check
on the dispersion of the phase velocity.
The Sollish method described in Section 4.2 for the shadowed reflector setup in
the context of measuring the group velocity was used to find the narrowband phase
velocity. The experimental setup is shown in Figure 6.16. The Sollish method relies
on time diﬀerences between signals that were determined with a correlation technique. The equation for the phase velocity determined with the measurements is
given in Section 4.2 by Equation 4.1. The relative timing diﬀerences necessary for
the measurement are found using Equation 6.13.
ti − tj = [(τdelay )i − (τdelay )j ] + T ∗ (ni − nj )

(6.13)

where τdelay is the b-delay for signal of interest, T is the time spacing between each
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Figure 6.16: Shadowed reflector setup for the narrowband phase velocity measurements. The transducer is aligned with the steel reflector. The sample is placed in
between the transducer and the reflector but in this case is not touching the reflector.
For the sample measurement, the reflection oﬀ of the steel reflector through the sample, the reflection oﬀ of the back wall of the sample, and the reflection oﬀ of the front
wall of the sample are all signals of interest. The reference measurement involves the
reflection oﬀ the steel reflector in the absence of a sample.
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point, and (ni − nj ) is the maximum of the correlation between signal i and signal j
(Trousil et al., 2001).
In order to do the correlation in time correctly, phase shifts that occur during
reflection due to impedance diﬀerences between media must be taken into account.
The reflected wave of an ultrasonic signal moving from a lower acoustic impedance
medium into a higher acoustic impedance medium experiences a 180 degree phase shift
(Bushberg et al., 2002). For the narrowband measurements, that phase shift occurs
for the reference signal, the sample signal, and the front wall signal because the host
medium has a lower acoustic impedance than the sample and the steel reflector. The
back wall signal is the only signal that does not experience this phase shift. Thus, the
correlation between the front wall and the back wall signals must take into account
the eﬀect of the shift.
The electronics necessary for the narrowband setup were diﬀerent than those used
in the broadband setup and are shown in Figure 6.17. The pulse is generated using
the 8116A Function Generator. After a number of calibration tests, it was determined that using a sine wave pulse in “I Burst” mode with an input peak-to-peak
amplitude of 250 mV, a repeat interval of 10 ms, and a duty cycle of 50% produced a
reasonable signal. The frequency and number of cycles were varied depending on the
measurement. The function generator’s sync out went to the Tektronix TDS5052B
oscilloscope’s trigger, while the function generator’s output went to the ENI Power
Amplifier. The power amplifier has a constant gain of approximately 50 dB.
The Ritec Diplexer permits shadowed reflector data to be taken with this system.
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Figure 6.17: The electronic setup for the narrowband phase velocity shadowed
reflector measurement.

The Diplexer’s diode expander setting was on “In” and the two attenuators were set
to “1 dB” and “0 dB”. The Low Frequency Cutoﬀ was set at 3 kHz (setting “A”) and
the damping resistor was set to 10 ohms (setting “8”). The diplexer was attached
to a Panametrics V309 transducer with a nominal center frequency of 5 MHz, a 0.5
inch diameter, and a nominal 2 inch point target focus. The output of the diplexer
was connected to two custom built filters (a 12.8 MHz low pass filter and an 800 kHz
high pass filter) that were attached to a Panametrics Pre-Amplifier with a fixed 40
dB gain. Two click stop attenuators were included in the system, although initially
both were set to 0 dB. The output of the click stop attenuators was connected to the
oscilloscope.
For each narrowband measurement, the phase velocity was measured every half
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Frequency (MHz)
4.0
5.0
6.0
7.0

Phase Velocity (m/s)

Phase Velocity (m/s)

(Variable Number of Cycles)

(40 Cycles)

1532.3 ± 0.2

1532.3 ± 0.4

1532.2 ± 0.1

1532.2 ± 0.2

1531.8 ± 0.2
1531.5 ± 0.2

1532.0 ± 0.1
1531.4 ± 0.2

Table 6.1: A comparison between the narrowband phase velocity measured with a
variable number of cycles and the narrowband phase velocity measured keeping the
number of cycles constant. For the most part good agreement can be seen between
the two measurements. Measurements are reported as mean ± standard deviation
of the six measurements taken at each frequency for each number of cycles to illustrate the precision. The actual uncertainty reflecting the accuracy of the narrowband
measurements was estimated to be ±2 m/s.

megahertz across the bandwidth from 4 MHz to 7 MHz. The number of cycles per
pulse determines the bandwidth of the pulse. In order to determine a reasonable
number of cycles for each pulse, two separate narrowband measurements were made
at 4.0 MHz, 5.0 MHz, 6.0 MHz, and 7.0 MHz. In the first experiment, the number of
cycles increased as the frequency increased. The number of cycles was set to 12 at 4.0
MHz and increased by 4 cycles for every MHz of frequency to 24 cycles at 7.0 MHz.
For the second experiment, the number of cycles was kept at a constant 40 for each
frequency. The phase velocity was measured at each frequency using both methods
and the results are shown in Table 6.1. Reasonable agreement is seen between the two
measurements. For the measurements detailed in this thesis, the number of cycles was
increased as the frequency of the input signal was increased resulting in a bandwidth
of approximately 0.5 MHz for the narrowband output at each frequency.
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6.6

The Kramers-Kronig Relations

The Kramers-Kronig relations were used as another way of unambiguously determining the correct phase sheet oﬀset for the broadband measurement (Trousil et al.,
2001). The relations also served as a theoretical check on the measured dispersion in
the phase velocity. The nearly local Kramers-Kronig relations with one subtraction
were used to calculate the predicted dispersion in the phase velocity for media with
a linear-with-frequency amplitude attenuation coeﬃcient (Waters et al., 2005, 2003;
Trousil, 2002). The nearly local Kramers-Kronig relations with two subtractions were
used to determine the dispersion in the phase velocity for media whose amplitude attenuation coeﬃcient obeys a frequency power law with an exponent between 1 and 2
(Waters et al., 2000; Trousil, 2002).

6.6.1

Nearly Local Kramers-Kronig Relations with One Subtraction

For media with a linear-with-frequency dependence of the amplitude attenuation
coeﬃcient the nearly local Kramers-Kronig relations with one subtraction are used to
predict the dispersion in the phase velocity (Waters et al., 2005, 2003; Trousil, 2002).
These media have attenuation of the form expressed in Equation 6.14
α(ω) = α(ωc ) +

β
(ω − ωc )
2π

(6.14)

where β is the slope of the amplitude attenuation coeﬃcient in Np/m/Hz and ωc is
the angular frequency at band center. A linear fit to the attenuation coeﬃcient data
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Figure 6.18: The experimentally measured attenuation coeﬃcient for LuciteTM a
medium with approximately linear with frequency dependence. The linear fit line is
displayed to show the reasonableness of the fit. The slope from this fit will be in units
of dB/cm/MHz and must be converted to the proper units before the Kramers-Kronig
prediction can be made. The error bars are the experimentally measured standard
deviation in the data. The error bars are only plotted at a few frequencies across the
bandwidth.

as a function of frequency leads to the determination of β as shown in Figure 6.18
for an example data set (LuciteTM ). The attenuation coeﬃcient fit in the example
has the units of decibels/centimeter and thus the slope of the attenuation coeﬃcient (β) determined from the fit must be converted into the proper units before the
Kramers-Kronig prediction can be calculated. The dispersion in the phase velocity
is approximated by the nearly local Kramers-Kronig relations with one subtraction
shown in Equation 6.15 (Waters et al., 2005, 2003; Trousil, 2002).
1
2 β
1
−
=−
ln(ω/ω0 )
v(ω) v(ω0 )
π 2π
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(6.15)
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where v(ω) is the phase velocity as a function of frequency and ω0 is a frequency
within the usable bandwidth. When the dispersion in the phase velocity is small,
then Equation 6.15 can be expanded to first order in the dispersion as displayed in
Equation 6.16 (Waters et al., 2005, 2003; Trousil, 2002). Equation 6.16 was used to
predict the dispersion in the phase velocity measured in the lucite sample.
v(ω) ∼
= v(ω0 ) + v 2 (ω0 )

β
ln(ω/ω0 )
π2

(6.16)

The Kramers-Kronig relations can only predict relative changes in phase velocity.
In order to compare the experimentally-measured broadband phase velocity to the
Kramers-Kronig prediction, the experimental phase velocity at approximately the
center of the bandwidth (6 MHz in this case) was used for v(ω0 ) (Waters et al.,
2005, 2003; Trousil, 2002). The measured broadband phase velocity at a phase sheet
oﬀset (m-n) of zero and the predicted dispersion are displayed in Figure 6.19. Good
agreement can be seen between the measured dispersion in the broadband phase
velocity and the predicted dispersion from the nearly local Kramers-Kronig relations
with one subtraction. As stated before, an additional benefit of the Kramers-Kronig
relations is that they provide a method of determining the proper phase sheet oﬀset
for the broadband measurement (Trousil, 2002).
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Figure 6.19: The experimentally measured phase velocity for a media (LuciteTM )
with approximately linear with frequency amplitude attenuation coeﬃcient is displayed along with the predicted dispersion from the nearly local Kramers-Kronig
relations with one subtraction.
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6.6.2

Nearly Local Kramers-Kronig Relations with Two Subtractions

For media with a power law frequency dependence of the amplitude attenuation
coeﬃcient with an exponent between one and two, the nearly local Kramers-Kronig
relations with two subtractions is used to predict the dispersion in the phase velocity (Waters et al., 2000). An example of this type of media is castor oil that has
attenuation of the form shown in Equation 6.17
α(ω) = α0 ω y

(6.17)

Equation 6.17 can be re-expressed in Equation 6.18 in terms of the frequency for
clarity.
�

α(ω) = α0 f y

(6.18)

A power law fit to the attenuation coeﬃcient data as a function of frequency leads to
�

the determination of α0 and y as shown in Figure 6.20 for example data from castor
oil that display an attenuation coeﬃcient that increases with frequency as a power
law.
Theoretically, the form of the attenuation expressed in Equation 6.17 is correct,
but, in actuality, experimental measurements of the attenuation coeﬃcient sometimes
appear to have an attenuation coeﬃcient that does not extrapolate to zero at zero
frequency. The possible consequences of this are not germane to the work presented
in this thesis
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Figure 6.20: The experimentally measured attenuation coeﬃcient in Np/cm for a
media (castor oil) with frequency dependence greater than linear with frequency. The
power law fit is of the form expressed in Equation 6.18.
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The dispersion in the phase velocity is approximated by the nearly local KramersKronig relations with two subtractions shown in Equation 6.19 (Waters et al., 2000).
� πy �
1
1
−
= α0 tan
(ω y−1 − ω0y−1 )
v(ω) v(ω0 )
2

(6.19)

As in the case of the Kramers-Kronig relations with one subtraction, if the dispersion
in the phase velocity is small, Equation 6.19 can be expanded to arrive at an expression
for the Kramers-Kronig prediction of the phase velocity shown in Equation 6.19.
Equation 6.20 was used to predict the dispersion in the phase velocity measured in
the example medium (castor oil).
v(ω) ∼
= v(ω0 ) − v 2 (ω0 )α0 tan

� πy �
2

(ω y−1 − ω0y−1 )

(6.20)

In order to compare the experimentally-measured broadband phase velocity and the
Kramers-Kronig prediction, the experimentally-measured phase velocity at approximately the center of the bandwidth (6 MHz in this case) was used for v(ω0 ) (Waters
et al., 2000; Trousil, 2002).
The measured broadband phase velocity and the predicted dispersion for the power
law fit expressed in Equation 6.17 are displayed in Figure 6.21. Good agreement
can be seen between the measured dispersion in the broadband phase velocity and
the predicted dispersion from the nearly local Kramers-Kronig relations with two
subtractions.
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Figure 6.21: The experimentally measured phase velocity for a media with amplitude attenuation coeﬃcient with a power law dependence on frequency is displayed
along with the predicted dispersion from the nearly local Kramers-Kronig relations
with two subtractions for the power law fit expressed in Equation 6.18.
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6.7

Phase Velocity Measurements of Cornstarch
Suspensions

The broadband phase spectroscopy technique detailed in Section 6.3 was used
to measure the phase velocity of cornstarch suspensions in 51.5% cesium chloride
solutions for several diﬀerent concentrations of cornstarch. The narrowband phase
velocity measurement technique discussed in Section 6.5 was employed for several of
the concentrations. The theoretical dispersion in the phase velocity was predicted using the nearly local Kramers-Kronig relations with one subtraction from Section 6.6.1,
because the suspensions displayed an approximately linear with frequency amplitude
attenuation coeﬃcient.

6.7.1

10% Cornstarch Suspensions

Broadband phase velocity measurements of eight diﬀerent samples of a 10% cornstarch suspension in a 51.5% cesium chloride solution were made. The results of these
measurements are displayed in Figures 6.22 and 6.23. The magnitude of the phase
velocity at the center of the bandwidth (6 MHz) is displayed in Figure 6.22. The
absolute magnitude of the phase velocity is consistent with the group velocity measurement of the 10% cornstarch suspensions discussed in Section 4.3.1. The group
velocity of the 10% cornstarch suspensions in a 51.5% cesium chloride brine was 1531
m/s ± 6 m/s. Small diﬀerences in the absolute level of the phase velocity arose as a
result of a slight inhomogeneity in the samples due to incomplete mixing. Diﬀerences
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Figure 6.22: The broadband phase velocity at the center of the bandwidth (6
MHz) for each of the cornstarch suspensions in 51.5% cesium chloride solution at
every concentration studied.

in the temperature of the suspension during the time of measurement (the temperatures at measurement ranged from approximately 18.5◦ C to 21.5◦ C) also contributed
to the slight diﬀerences in the magnitude observed.
The dispersion in the broadband phase velocity of the 10% cornstarch suspensions in 51.5% cesium chloride brine is plotted in Figure 6.23. Each of the eight
measurements of the phase velocity has been normalized by the magnitude of the
phase velocity at the center of the bandwidth (6 MHz). Based on Kramers-Kronig,
considerations the phase velocity is expected to increase with frequency, but the experimental phase velocity decreases with frequency for each sample.
From the attenuation coeﬃcient measurements from Section 5.4.1, the slope of
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Figure 6.23: The broadband phase velocity of eight diﬀerent samples of 10% cornstarch suspensions in a density-matched cesium chloride brine. Each individual phase
velocity measurement is normalized to its value at the center of the bandwidth (6
MHz). To better compare the results the error bars are not displayed on the graph.
A typical standard deviation in the measurement was approximately ±1 m/s.
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Figure 6.24: The broadband phase velocity of a single sample of a 10% cornstarch
suspension in a density-matched cesium chloride brine compared to the KramersKronig prediction. The experimental measurement is plotted as the mean ± the
standard deviation in the measurement.

the attenuation coeﬃcient for one of the samples was found. The Kramers-Kronig
relations with one subtraction were used to predict the dispersion in the phase velocity for this sample. The broadband measurement of phase velocity at 6 MHz
(the approximate center of the bandwidth) was used to set the absolute level of the
Kramers-Kronig prediction of the phase velocity. Figure 6.24 displays the experimentally measured phase velocity compared to the Kramers-Kronig prediction. As stated
earlier, the Kramers-Kronig relations predict a positive dispersion in contrast to the
negative dispersion in the experimental measurements.
To further check the experimental result, the narrowband phase velocity technique
described in Section 6.5 was employed. For one sample of the 10% cornstarch suspen153
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Figure 6.25: The broadband phase velocity of a single sample of a 10% cornstarch
suspension in a density-matched cesium chloride brine compared to the narrowband
phase velocity measurement.

sion in a 51.5% cesium chloride solution, the phase velocity was measured using both
the broadband phase spectroscopy and the narrowband phase velocity technique. The
results of this measurement are shown in Figure 6.25. The narrowband phase velocity results mirror the broadband phase velocity measurements providing an initial
check on the accuracy of the measurements even though both display the unexpected
negative dispersion.
The broadband phase velocity was also measured for two samples of a 10% suspension of cornstarch and water without the cesium chloride added. The measurements
were made more diﬃcult without the density-matching because the particles settled
more quickly and thus greater variability was seen in the measurements. To combat
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Figure 6.26: The two broadband phase velocity samples of a 10% cornstarch suspension in water without cesium chloride added. The measurements are plotted as
the mean ± the standard deviation of the measurement.

settling, the sample mold was agitated before each individual phase velocity measurement was taken. The results of the measurement are shown in Figure 6.26. The
negative dispersion is also apparent in the samples containing only cornstarch in water. The absolute magnitude of the phase velocity is much lower than the magnitude
measured for the samples in a density-matched brine, but is reasonably consistent
with the group velocity measurement made on the cornstarch and water samples
discussed in 4.3.1. The group velocity reported in the earlier chapter in the 10%
cornstarch suspensions with water was 1499 m/s ± 10 m/s.
As another check on the data, the broadband phase velocity was measured on
a sample using both the shadowed reflector method and the through transmission
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Figure 6.27: A comparison between the shadowed reflector method and the through
transmission method for measuring the phase velocity showing the mean of the measurements from one sample. The error bars are the standard deviation of the measurement.

method. The results are shown in Figure 6.27 for the mean of the measurement
and the standard deviation in the measurements. Figure 6.28 plots individual phase
velocity traces that were averaged together in Figure 6.27 for both the through transmission and shadowed reflector method. All of the phase velocity traces plotted show
that not only does the mean of the measurement display the negative dispersion, but
each individual measurement does as well. These measurements are typical of all of
the measurements of the phase velocity shown in the this thesis. Good agreement can
be seen in both figures between the two diﬀerent methods for measuring the phase
velocity.
The magnitude of dispersion over the bandwidth (4 MHz to 8 MHz) was measured
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Figure 6.28: A comparison between the shadowed reflector method and the through
transmission method for measuring the phase velocity. The individual traces are
plotted for both sets of measurements.
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Sample

Dispersion Magnitude (m/s/MHz)

10% Cornstarch in CsCl #1

-0.35

10% Cornstarch in CsCl #2

-0.35

10% Cornstarch in CsCl #3

-0.35

10% Cornstarch in CsCl #4

-0.43

10% Cornstarch in CsCl #5

-0.40

10% Cornstarch in CsCl #6

-0.43

10% Cornstarch in CsCl #7

-0.43

10% Cornstarch in CsCl #8

-0.35

Average

-0.39 ± 0.04

10% Cornstarch in Water #1

-0.25

10% Cornstarch in Water #2

-0.25

Table 6.2: The magnitude of dispersion in the phase velocity measured for each of
the 10% cornstarch in density-matched cesium chloride brine samples compared to
the magnitude of dispersion for the two 10% cornstarch in water samples.

for each of the eight samples of cornstarch in a density-matched cesium chloride solution and for the two cornstarch in water samples and displayed in Table 6.2. The
average magnitude of dispersion in the cornstarch suspensions in a 51.5% cesium chloride solution was determined to be approximately -0.39 m/s/MHz ± 0.04 m/s/MHz
and the magnitude of dispersion in the cornstarch suspensions in water was approximately -0.25 m/s/MHz.

6.7.2

20% Cornstarch Suspensions

Broadband phase velocity measurements of eight diﬀerent samples of a 20% cornstarch suspension in a 51.5% cesium chloride solution were made. The magnitude of
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the phase velocity at the center of the bandwidth is plotted in Figure 6.22. The overall
level of the phase velocity is consistent with the group velocity measured to be 1602
m/s ± 6 m/s. The small diﬀerences observed in the absolute magnitude of the phase
velocity between the eight samples are probably due to slight inhomogeneities in the
samples due to incomplete mixing. Another contributing factor is the diﬀerences in
the temperature of the suspension during the time of measurement (the temperatures
at measurement ranged from approximately 19.0◦ C to 21.5◦ C).
The broadband phase velocity of each of the eight samples normalized by the
phase velocity at 6 MHz in order to highlight the dispersion across the bandwidth is
plotted in Figure 6.29. The phase velocity once again decreases with frequency for
each sample.
The slope of the attenuation coeﬃcient for these samples had been measured as
discussed in Section 5.4.2. The Kramers-Kronig relations with one subtraction were
used to predict the dispersion in the phase velocity for this sample using the measured
slope of the attenuation coeﬃcient. The broadband measurement of phase velocity at
6 MHz (the approximate center of the bandwidth) was used to set the absolute level
of the Kramers-Kronig prediction. Figure 6.30 displays the experimentally measured
phase velocity compared to the Kramers-Kronig prediction. The Kramers-Kronig
relations predict positive dispersion whereas the experimental measurement displays
negative dispersion.
For one sample of the 20% cornstarch suspension in a 51.5% cesium chloride solution the phase velocity was measured using both the broadband phase spectroscopy
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Figure 6.29: The broadband phase velocity of eight diﬀerent samples of 20% cornstarch suspensions in a density-matched cesium chloride brine normalized to the magnitude of the phase velocity at 6 MHz. To better compare the results the error bars
are not displayed on the graph. A typical standard deviation for the measurement
would be approximately ±2 m/s.
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Figure 6.30: The broadband phase velocity of a single sample of a 20% cornstarch
suspension in a density-matched cesium chloride brine compared to the KramersKronig prediction.
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Figure 6.31: The broadband phase velocity of a single sample of a 20% cornstarch
suspension in a density-matched cesium chloride brine compared to the narrowband
phase velocity measurement.

and the narrowband phase velocity techniques. The results of this measurement are
shown in Figure 6.31. Once again, the narrowband measurements are consistent with
the broadband phase velocity measurements providing at least a basic check on the
validity of the data.
The broadband phase velocity was also measured in two samples of a 20% suspension of cornstarch and water without the cesium chloride added. The results of
the measurement are shown in Figure 6.32. The negative dispersion is also apparent
in the samples containing only cornstarch in water. The absolute magnitude of the
phase velocity is consistent with the group velocity measurement made on the cornstarch and water samples discussed in Section 4.3.2 that measured the group velocity
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Figure 6.32: The broadband phase velocity of two samples of a 20% cornstarch
suspension in water without cesium chloride added. The measurements are plotted
as the mean ± the standard deviation of the measurement.

in the 20% cornstarch suspensions with water to be 1521 m/s ± 11 m/s.
The magnitude of dispersion over the bandwidth (4 MHz to 8 MHz) measured
for all of the 20% cornstarch suspensions was displayed in Table 6.3. The average
magnitude of dispersion in the density-matched samples was -0.64 m/s/MHz ± 0.13
m/s/MHz. The magnitude of dispersion in the cornstarch in water suspensions was
approximately -0.4 m/s/MHz. Comparing Tables 6.2 and 6.3, the average magnitude
of dispersion was seen to be higher in the 20% cornstarch suspension in the densitymatched brine than in the 10% cornstarch suspensions.
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Sample

Dispersion Magnitude (m/s/MHz)

20% Cornstarch in CsCl #1

-0.73

20% Cornstarch in CsCl #2

-0.58

20% Cornstarch in CsCl #3

-0.63

20% Cornstarch in CsCl #4

-0.90

20% Cornstarch in CsCl #5

-0.53

20% Cornstarch in CsCl #6

-0.73

20% Cornstarch in CsCl #7

-0.55

20% Cornstarch in CsCl #8

-0.5

Average

-0.64 ± 0.13

20% Cornstarch in Water #1

-0.38

20% Cornstarch in Water #2

-0.43

Table 6.3: The magnitude of dispersion in the phase velocity measured for each of
the 20% cornstarch in density-matched cesium chloride brine samples compared to
the magnitude of dispersion for the two 20% cornstarch in water samples.
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6.7.3

30% Cornstarch Suspensions

The magnitude of the broadband phase velocity at 6 MHz measured for eight
diﬀerent samples of a 30% cornstarch suspension in a 51.5% cesium chloride solution
is displayed in Figure 6.22. The group velocity measured for this concentration of
cornstarch in a 51.5% cesium chloride solution was 1671 m/s ± 6 m/s as reported
in Section 4.3.3. The small diﬀerences in the absolute level of the phase velocity
are due to either slight inhomogeneities in the sample due to incomplete mixing or
diﬀerences in the temperature of the suspension during the time of measurement (the
temperatures at measurement ranged from approximately 19.0◦ C to 20.5◦ C).
The dispersion in the broadband phase velocity is displayed in Figure 6.33 in which
each of the phase velocity measurements has been normalized by the magnitude of
the phase velocity at the center of the bandwidth. The negative dispersion seen in
the other concentrations of cornstarch is also found in these samples.
The Kramers-Kronig relations with one subtraction were used to predict the dispersion in the phase velocity for one of the samples using that sample’s measured
slope of the attenuation coeﬃcient. The broadband measurement of phase velocity at
6 MHz (the approximate center of the bandwidth) was used to set the absolute level
of the Kramers-Kronig prediction. Figure 6.34 displays the experimentally measured
phase velocity compared to the Kramers-Kronig prediction.
A comparison between the narrowband phase velocity and the broadband phase
velocity measured for one sample of the 30% cornstarch suspension in 51.5% cesium
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Figure 6.33: The broadband phase velocity of eight diﬀerent samples of 30% cornstarch suspensions in a density-matched cesium chloride brine normalized to the magnitude at the center of the bandwidth. To permit a better comparison of the results
the error bars are not displayed on the graph. A typical standard deviation for the
measurement would be approximately ±2 m/s
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Figure 6.34: The broadband phase velocity of a single sample of a 30% cornstarch
suspension in a 51.5% cesium chloride brine compared to the Kramers-Kronig prediction.
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Figure 6.35: The broadband phase velocity of a single sample of a 30% cornstarch
suspension in a density-matched cesium chloride brine compared to the narrowband
phase velocity measurement.

chloride is displayed in Figure 6.35. The two diﬀerent methods for measuring the
phase velocity in the samples at least appear consistent with each other.
The results of the measurement of the broadband phase velocity in two suspensions
of 30% cornstarch in water are shown in Figure 6.36. The negative dispersion is
also apparent in the samples containing only cornstarch in water. As expected, the
absolute magnitude of the phase velocity is much lower than the magnitude measured
for the samples in the 51.5% cesium chloride solution, but is reasonably consistent
with the group velocity of 1552 m/s ± 11 m/s of these cornstarch and water samples
measured in Section 4.3.3.
The magnitude of dispersion over the bandwidth (4 MHz to 8 MHz) was deter168
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Figure 6.36: The broadband phase velocity of two samples of a 30% cornstarch
suspension in water without cesium chloride added. The measurements are plotted
as the mean ± the standard deviation of the measurement.
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Sample

Dispersion Magnitude (m/s/MHz)

30% Cornstarch in CsCl #1

-0.60

30% Cornstarch in CsCl #2

-0.68

30% Cornstarch in CsCl #3

-0.55

30% Cornstarch in CsCl #4

-0.65

30% Cornstarch in CsCl #5

-0.78

30% Cornstarch in CsCl #6

-0.73

30% Cornstarch in CsCl #7

-0.63

30% Cornstarch in CsCl #8

-0.55

Average

-0.64 ± 0.08

30% Cornstarch in Water #1

-0.48

30% Cornstarch in Water #2

-0.50

Table 6.4: The magnitude of dispersion in the phase velocity measured for each of
the 30% cornstarch in density-matched cesium chloride brine samples compared to
the magnitude of dispersion for the two 30% cornstarch in water samples.

mined from the phase velocity measurements for each of the suspensions and displayed
in Table 6.4. The average magnitude of dispersion in the density-matched samples
was -0.64 m/s/MHz ± 0.08 m/s/MHz and the magnitude of dispersion in the samples
of cornstarch and water was approximately -0.5 m/s/MHz. The average magnitude of
dispersion in the 30% cornstarch suspensions was approximately the same as the average magnitude of dispersion measured in the 20% cornstarch suspensions, although
the variability in the magnitude for the 30% suspensions was smaller than that for
the 20% cornstarch suspensions. The magnitude of dispersion in the suspensions of
just cornstarch and water was slightly higher in the 30% cornstarch suspensions than
in the 20% cornstarch suspensions.
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6.7.4

40% Cornstarch Suspensions

Broadband phase velocity measurements of eight diﬀerent samples of a 40% cornstarch suspension in a 51.5% cesium chloride solution were made. The 40% cornstarch
suspensions were the first set of suspensions at a concentration high enough to display shear thickening behavior. Because of this, the suspensions were diﬃcult to
mix which resulted in more variability in the ultrasonic measurements. Despite these
potential issues, the results shown in Figure 6.37 still consistently show negative dispersion. The absolute magnitude of the phase velocities plotted in Figure 6.22 is
relatively consistent with the average group velocity of 1765 m/s ± 9 m/s of the 40%
cornstarch suspensions.
The attenuation in the 40% cornstarch suspensions was high enough that the
usable bandwidth was determined to only be between 4 MHz and 7 MHz for these
measurements. All of the 40% cornstarch results are thus only plotted from 4 MHz
to 7 MHz. The variability in the absolute level of the phase velocity and in the
magnitude of the dispersion in this case are primarily due to diﬃculties in keeping
the sample homogeneously mixed. Temperature variations also played a role in the
diﬀerences seen as the range of temperatures at measurement was approximately
19.0◦ C to 21.0◦ C.
The Kramers-Kronig relations were used to predict the dispersion expected in the
phase velocity using the measured slope of the attenuation coeﬃcient for one of the
samples. Figure 6.38 displays the experimentally measured phase velocity compared
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Figure 6.37: The broadband phase velocity of eight diﬀerent samples of 40% cornstarch suspensions in a 51.5% cesium chloride brine normalized to the magnitude of
the phase velocity at the center of the bandwidth. To permit a better comparison
of the results, the error bars are not displayed on the graph. A typical standard
deviation for the measurement would be approximately ±5 m/s.
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Phase Velocity (m/s)
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Figure 6.38: The broadband phase velocity of a single sample of a 40% cornstarch
suspension in a density-matched cesium chloride brine compared to the KramersKronig prediction.

to the Kramers-Kronig prediction. The negative dispersion measured in the samples
is in contrast to the positive dispersion predicted by the Kramers-Kronig relations.
Narrowband phase velocity measurements were not made on any of the 40% cornstarch suspensions because of the consistency between the broadband and narrowband
results found at the other concentrations. The broadband phase velocity of two samples of a 40% suspension of cornstarch and water without the cesium chloride added
was measured. The results of the measurement are shown in Figure 6.39. Consistent
with the earlier measurements negative dispersion is apparent in both samples. The
absolute magnitude of the phase velocity is much lower than the magnitude measured
for the samples in the 51.5% cesium chloride solution, but is reasonably consistent
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Phase Velocity (m/s)
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Figure 6.39: The broadband phase velocity of two samples of a 40% cornstarch
suspension in water without cesium chloride added. The measurements are plotted
as the mean ± the standard deviation of the measurement.

with the group velocity measurement made on the cornstarch and water samples
discussed in Section 4.3.4 that measured the group velocity in the 40% cornstarch
suspensions with water to be 1593 m/s ± 11 m/s.
The magnitude of dispersion over the bandwidth (4 MHz to 8 MHz) was measured
for each of the eight cornstarch in cesium chloride solution samples and for the two
cornstarch in water samples and displayed in Table 6.5. The average magnitude
of dispersion in the 40% cornstarch suspensions was higher than that measured in
any of the other concentrations of cornstarch at -0.74 m/s/MHz ± 0.43 m/s/MHz.
However, the variability in the dispersion measurements was high probably for reasons
discussed at the beginning of the section. The average magnitude of dispersion can
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Sample

Dispersion Magnitude (m/s/MHz)

40% Cornstarch in CsCl #1

-0.33

40% Cornstarch in CsCl #2

-0.93

40% Cornstarch in CsCl #3

-1.03

40% Cornstarch in CsCl #4

-1.13

40% Cornstarch in CsCl #5

-0.40

40% Cornstarch in CsCl #6

-1.40

40% Cornstarch in CsCl #7

-0.28

40% Cornstarch in CsCl #8

-0.43

Average

-0.74 ± 0.43

40% Cornstarch in Water #1

-0.50

40% Cornstarch in Water #2

-0.45

Table 6.5: The magnitude of dispersion in the phase velocity measured for each of
the 40% cornstarch in density-matched cesium chloride brine samples compared to
the magnitude of dispersion for the two 40% cornstarch in water samples.

only be viewed as a very rough approximation of the dispersion in the samples at
this concentration. The change in the phase velocity over the bandwidth found in
the samples containing only cornstarch and water was approximately -0.5 m/s/MHz
about the same as that measured in the 30% cornstarch samples.
To better compare all of the measurements, the phase velocity measured in each
sample was plotted in Figure 6.40. The phase velocity appears to increase relatively
consistently with concentration for the 10%, 20% and 30% concentration before a
larger increase between 30% and 40%. These results mirror the group velocity measurements made and discussed in Chapter 4. All of the samples at all of the concentrations display negative dispersion over this bandwidth.
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10% Cornstarch
20% Cornstarch
30% Cornstarch
40% Cornstarch

1800

Phase Velocity (m/s)

1750
1700
1650
1600
1550
1500
4

5

6
7
8
Frequency (MHz)
Figure 6.40: The broadband phase velocity measurements for each of the samples
at all four of the concentrations. No error bars are plotted but the maximum standard
deviation measured in any of the samples was approximately 5 m/s.
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6.7.5

The Phase Velocity of Cornstarch

The speed of sound in a granule of cornstarch can be inferred from the measurements of the phase velocity of the suspension (Katz, 2012; Wood, 1930). Equation
6.21 is provided by Wood for the speed of sound in a suspension of two liquids that
do not chemically react with each other,
�
c=

K1 K2
[f1 K2 + (1 − f1 )K1 ][f1 ρ1 + (1 − f1 )ρ2 ]

(6.21)

where ρ1 is the density of the suspending medium (51.5% cesium chloride solution), ρ2
is the density of the granule of cornstarch, K1 is the bulk modulus of the suspending
medium, K2 is the bulk modulus of the granule of cornstarch, c is the speed of sound
in the suspension, f1 is the volume fraction of the suspending medium, and f2 is the
volume fraction of the cornstarch particles (Wood, 1930). This derivation ignores
any shear stiﬀness in the grains, but this assumption is probably valid because the
grains are small compared to the acoustic wavelength, so in this limit they will be
isotropically compressed. The speed of sound in a liquid is defined by Equation 6.22
�
Kx
cx =
.
(6.22)
ρx
With this knowledge of the definition of the speed of sound in a liquid, Equation 6.21
can be re-expressed as Equation 6.23
�
c=

c21 c22 ρ1 ρ2
[f1 ρ1 + (1 − f1 )ρ2 ][f1 ρ2 c22 + (1 − f1 )ρ1 c21 ]

(6.23)

where c1 is the phase velocity in the suspending medium and c2 is the phase velocity
in the cornstarch granule (Wood, 1930).
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Equation 6.23 can be simplified to Equation 6.24 in the case of the density-matched
suspension because ρ1 = ρ2 (Katz, 2012).
c21 c22
c=
f1 c22 + (1 − f1 )c21

(6.24)

Solving Equation 6.24 for the speed of sound in the cornstarch results in Equation
6.25.
c2 =

�

c2 c21 (1 − f1 )
c21 − c2 f1

(6.25)

This equation can be used to infer a speed of sound in the cornstarch particles from
the phase velocity measurements of the suspension (Wood, 1930). Table 6.6 shows
the necessary parameters for the calculation and the calculated phase velocity in the
cornstarch particles at suspension concentrations of 20%, 30%, and 40%. For each
concentration, the phase velocity at 6 MHz (the approximate center of the bandwidth)
was averaged across the eight samples to find the value reported in the table. The
speed of sound in the suspending medium (51.5% cesium chloride solution) for the
calculation was taken to be the 1483 m/s measured in Section 3.3. An estimate of
the bulk modulus in the cornstarch granules was inferred from the calculated speed
of sound at each concentration using Equation 6.22 and a density of 1.62 g/cm3 .
The speed of sound in the cornstarch inferred from the phase velocity measurements of the suspension is reasonably consistent for the 20% and the 30% concentrations and slightly higher for the 40% concentration. The estimates of the bulk moduli
are slightly higher than reported values (∼5*109 Pa) in the literature for extruded
starches (Lionetto et al., 2006). The sources of error include uncertainty in the exact
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Cornstarch

Suspension Phase

Cornstarch Phase

Bulk Modulus

Concentration

Velocity at 6 MHz (m/s)

Velocity (m/s)

(Pa)

20%

1599

2704

1.18*1010

30%

1667

2686

1.17*1010

40%

1757

2797

1.27*1010

Table 6.6: An approximate determination of the speed of sound in cornstarch
particles inferred from the phase velocity data. The bulk modulus inferred from the
determined speed of sound was also reported.

volume fraction for each suspension as well as all of the uncertainties related to the
phase velocity measurement itself (uncertainty in the sample thickness, uncertainty
in the temperature, uncertainty in the timing measurements, etc.).

6.8

Conclusion

This chapter laid out both the experimental techniques for measuring the phase
velocity and the theoretical calculations necessary to check those measurements. The
experimental phase velocity results for four diﬀerent concentrations of cornstarch
in a density-matched cesium chloride solution were presented. Although both the
broadband and narrowband measurements of the phase velocity agreed for all of the
concentrations studied, the predictions of the Kramers-Kronig relations applied over
the 4 MHz to 8 MHz frequency range showed a marked disagreement with experiment.
The negative dispersion measured at all concentrations is not accounted for by the
band-limited Kramers-Kronig formulae, and thus the experimental methods must
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be checked very closely. The next chapter focuses on the search for a potential
explanation.
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Chapter 7

Accounting for the Observed
Negative Dispersion

7.1

Preface

This chapter outlines the work completed to attempt to explain the negative
dispersion in the phase velocity measured in the cornstarch suspensions. The chapter
begins with descriptions of phase velocity measurements made on two diﬀerent types
of plastic and on a sample of castor oil. The chapter continues with a summary of a
study looking into possible nonlinear eﬀects on the phase velocity measurement. The
chapter concludes by putting forth an explanation that large resonances outside of
the measured bandwidth provide a potential explanation for the negative dispersion.
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7.2

Phase Velocity in Plastics

In order validate the broadband and the narrowband methods to be employed,
the phase velocity of two plastics (LuciteTM and LexanTM ) was measured. LuciteTM
and LexanTM are both materials that this laboratory has previously measured.

7.2.1

Lexan

The group velocity, sample thickness, and attenuation properties of LexanTM were
determined using the methods outlined in Sections 4.2 and 5.2 respectively. The
results of these measurements are displayed in Table 7.1. The ultrasonic thickness
agreed with thickness measurements made with digital calipers and the group velocity
measurement was consistent with earlier phase velocity measurements made by this
group (Bauer et al., 2007). The attenuation coeﬃcient as a function of frequency is
shown in Figure 7.1. The slope of the attenuation coeﬃcient and the attenuation
coeﬃcient at 5 MHz were also consistent with earlier measurements (Bauer et al.,
2007).
The broadband phase velocity displayed in Figure 7.2 was measured using the
broadband phase velocity technique described in Section 6.3. A comparison between
these broadband measurements and narrowband phase velocity measurements made
at every half-megahertz across the bandwidth is displayed in Figure 7.3. Reasonably
good agreement can be seen between the two measurements, especially in terms of the
magnitude of dispersion across the bandwidth. Diﬀerences in the absolute magnitude
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Sample

Thickness

Group

Slope of

Attenuation

(mm)

Velocity

Attenuation

Coeﬃcient at

(m/s)

(dB/cm/MHz)

5 MHz (dB/cm)

2295 ± 4 m/s

4.5 ± 0.1

20.5 ± 0.5

5.0 ± 0.1

Lexan

11.9 ± 0.1

Lucite

2768 ± 5 m/s

0.8 ± 0.1

5.3 ± 0.4

Table 7.1: The results of the ultrasonic measurements of the group velocity, thickness, and attenuation properties of the two plastics investigated. Measurements are
reported as mean ± standard deviation.

Attenuation Coefficient
(dB/cm)

40
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10
0
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Frequency (MHz)

8

Figure 7.1: The attenuation coeﬃcient as a function of frequency for the 5 mm
thick LexanTM sample. Error bars are plus or minus one standard deviation and are
only plotted at a few frequencies.
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Figure 7.2: The broadband phase velocity as a function of frequency for the 5 mm
thick LexanTM sample. Error bars are plus or minus one standard deviation.

of the phase velocity are most likely due to diﬀerences in temperature in the samples
and water during the measurement and slight diﬀerences in the alignment of the
plastic sample during measurement. The broadband phase velocity had a magnitude
of dispersion from 4 MHz to 8 MHz of 3.9 m/s/MHz and the narrowband phase
velocity had a magnitude of dispersion of 4.2 m/s/MHz.
To further validate the measurements, a Kramers-Kronig prediction of the dispersion in the phase velocity was made using the nearly local Kramers-Kronig relation
with one subtraction (Waters et al., 2003). The method for the Kramers-Kronig prediction is described in Section 6.6. The experimentally measured phase velocity at
the approximate center of the bandwidth was used in the Kramers-Kronig formula
to set the absolute level of the predicted phase velocity. The agreement between the
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Figure 7.3: Both the narrowband phase velocity and the broadband phase velocity
are plotted as a function of frequency for the 5 mm thick LexanTM sample. Error
bars are plus or minus one standard deviation.

Kramers-Kronig prediction and the broadband phase velocity can be seen in Figure
7.4.

7.2.2

Lucite

The group velocity, sample thickness, and attenuation properties of a block of
LuciteTM were determined ultrasonically and displayed in Table 7.1. The findings
were consistent with previously published results from this group (Bauer et al., 2007).
The attenuation coeﬃcient plotted as a function of frequency is shown in Figure 7.5.
The broadband phase velocity was measured and compared to narrowband phase
velocity measurements as shown in Figure 7.6 and a comparison of both results is
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Figure 7.4: The Kramers-Kronig prediction for the dispersion in the phase velocity
is plotted with the broadband phase velocity measurement for the 5 mm thick lexan
sample.
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Figure 7.5: The attenuation coeﬃcient as a function of frequency for the 12 mm
thick LuciteTM sample. Error bars are plus or minus one standard deviation and are
plotted at only a couple of frequencies.

shown in Figure 7.7. The Kramers-Kronig prediction for the dispersion in the phase
velocity was determined using the slope of the attenuation coeﬃcient and the phase
velocity at the approximate center of the bandwidth and displayed in Figure 7.8. The
comparison of the Kramers-Kronig prediction to the broadband phase velocity results
demonstrates good agreement.
The phase velocity measurements in the LuciteTM and LexanTM samples served
to validate the experimental methods, the phase spectroscopy and narrowband phase
velocity analysis, and the linear with attenuation Kramers-Kronig predictions. The
only remaining aspect of the experimental apparatus that was not incorporated into
these measurements, and thus still needed to be validated, was the sample mold used
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Figure 7.6: The broadband phase velocity as a function of frequency for the 12 mm
thick LuciteTM sample. Error bars are plus or minus one standard deviation.

for the cornstarch suspensions.

7.3

Castor Oil

The cornstarch phase velocity measurements were made with the sample contained
in a plastic sample mold with Saran WrapTM windows. Making the phase velocity
measurements and Kramers-Kronig predictions on a viscous liquid in the sample mold
served to validate the experimental technique. Castor oil has traditionally served as
a standard for ultrasonic measurements (Waters et al., 2003).
The group velocity, sample thickness, and attenuation properties were measured in
the standard shadowed reflector setup shown in Figure 7.9. The sample thickness was
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Figure 7.7: Both the narrowband phase velocity and the broadband phase velocity
are plotted as a function of frequency for the 12 mm thick LuciteTM sample. Error
bars are plus or minus one standard deviation.
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Figure 7.8: The Kramers-Kronig prediction for the dispersion in the phase velocity is plotted with the broadband phase velocity measurement for the 12 mm thick
LuciteTM sample.
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Figure 7.9: Shadowed reflector setup for the broadband measurements made on
the castor oil sample. The two transducers are aligned with each other. The sample
is placed in between the two transducers.

ultrasonically found to be 12.3 mm ± 0.1 mm and the group velocity was measured to
be 1538 m/s ± 5 m/s at a temperature of approximately 18.7◦ C. From the attenuation
coeﬃcient measurement it was determined that the signal was dropping into the noise
at the higher end of the bandwidth. Therefore, a through transmission measurement
was made of the attenuation properties using the experimental setup shown in Figure
7.10.
The attenuation coeﬃcient as a function of frequency measured using the through
transmission setup is displayed in Figure 7.11. Because castor oil is a liquid, the castor
oil’s attenuation coeﬃcient is expected to have a power law frequency dependence.
The attenuation coeﬃcient was converted into Np/cm and then fit with a power law
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Figure 7.10: Through transmission setup for the broadband measurements made
on the castor oil sample. The two transducers are aligned with each other. The
sample is placed in between the two transducers.

194

7.3 Castor Oil
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Figure 7.11: Through transmission measurement of the attenuation coeﬃcient of
a sample of castor oil. Note that the through transmission setup results in a slightly
lower bandwidth than the shadowed reflector measurements. Error bars are plus or
minus one standard deviation and are plotted at only a couple of frequencies.

of the functional form displayed in Equation 7.1. The attenuation coeﬃcient and
power law fit are shown in Figure 7.12.
�

α(f ) = α0 ∗ f n

(7.1)

�

The fit parameters were determined to be α0 = 0.0924 Np/cm/MHz1.68 and n =
1.68. The power law exponent agrees well with earlier measurements from this group
(Waters et al., 2003).
The broadband phase velocity of the castor oil sample was measured using the
through transmission setup. The broadband phase velocity is displayed in Figure 7.13.
The power law form of the Kramers-Kronig relations shown in Equation 6.19 from Sec195
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Figure 7.12: Comparison of the attenuation coeﬃcient of castor oil and a power
law fit of the form shown in Equation 7.1.
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Figure 7.13: The broadband phase velocity as a function of frequency for the castor
oil sample. Error bars are plus or minus one standard deviation.

tion 6.6.2 was used for the Kramers-Kronig prediction of the dispersion in the phase
velocity. The phase velocity measured at 5 MHz was used for v(ω0 ) with the power
law fit parameters determined from the attenuation coeﬃcient. The Kramers-Kronig
prediction is plotted in comparison with the broadband phase velocity measurement
in Figure 7.14. Good agreement is seen between the measured and predicted dispersion. The experimental methods have been further validated and the sample mold
with SaranTM windows has been shown to not have a significant eﬀect on the measurement. Therefore, the negative dispersion measured in cornstarch suspensions must
arise from some other cause.

7.4

Nonlinear Eﬀects

Acoustic contrast agents have been shown to be aﬀected by the acoustic radiation
force produced by the nonlinear propagation of sound (Dayton et al., 1996). Corn197
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Figure 7.14: The Kramers-Kronig prediction for the dispersion in the phase velocity
is plotted with the broadband phase velocity measurement for the castor oil sample.

starch particles are approximately the same size as some acoustic contrast agents,
and thus if the acoustic radiation force is large enough then the phase velocity measurement may be aﬀected. Nonlinear eﬀects are amplitude dependent and thus any
possible eﬀect on the phase velocity measurement was checked by measuring the phase
velocity at four diﬀerent input amplitudes.
The Panametrics 5800 Pulser/Receiver permitted four diﬀerent settings for the
input energy that led to four diﬀerent amplitudes for the reference signal. The peakto-peak amplitudes of the reference signal for each of the four Pulser/Receiver energy
settings are displayed in Table 7.2. Phase velocity measurements on two 20% cornstarch and two 30% cornstarch suspensions both in a 51.5% cesium chloride brine were
made in the shadowed reflector setup at each of the diﬀerent input amplitudes. The
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Pulser/Receiver

Peak-to-Peak

Lower End

Upper End

Energy

Reference Pulse

of the Bandwidth

of the Bandwidth

Setting (µJ)

Amplitude (V)

(MHz)

(MHz)

12.5

0.412

4.35

8.45

25

0.785

4.45

8.50

50

1.276

4.40

8.25

100

1.715

4.25

7.90

Table 7.2: The peak-to-peak reference pulse amplitude in Volts at each energy
setting on the pulser/receiver is displayed in the second column. The third and fourth
column display the lower and upper end of the -6 dB bandwidth of the reference power
spectrum for each energy.

change in the input energy aﬀected the pulse itself, so the transducer was realigned
each time the settings were varied. The reference power spectra were also aﬀected by
the shift in the input energy. The -6 dB bandwidth of each reference power spectrum
was measured and the lower and upper ends of the bandwidth are also displayed in
Table 7.2.
The magnitude of dispersion across the bandwidth for each of the four samples
at each of the input amplitudes are displayed in Table 7.3 and Table 7.4. As shown
in Table 7.2 the bandwidth was slightly diﬀerent for each of the energy settings. For
both of the 20% cornstarch samples and for both of the 30% cornstarch samples the
magnitude of dispersion did not depend in any systematic way on the input amplitude.
This provides evidence that the dispersion in the phase velocity was not aﬀected by
nonlinear eﬀects.

199

7.4 Nonlinear Eﬀects

Pulser/Receiver

20% Cornstarch #1

20% Cornstarch #2

Energy

Dispersion Magnitude

Dispersion Magnitude

Setting (µJ)

(m/s/MHz)

(m/s/MHz)

12.5

-0.50

-0.50

25

-0.53

-0.50

50

-0.58

-0.53

100

-0.55

-0.53

Table 7.3: The magnitude of dispersion across the bandwidth for the two 20%
cornstarch samples for the four diﬀerent input amplitudes.

Pulser/Receiver

30% Cornstarch #1

30% Cornstarch #2

Energy

Dispersion Magnitude

Dispersion Magnitude

Setting (µJ)

(m/s/MHz)

(m/s/MHz)

12.5

-0.63

-0.60

25

-0.63

-0.58

50

-0.60

-0.60

100

-0.60

-0.63

Table 7.4: The magnitude of dispersion across the bandwidth for the two 30%
cornstarch samples for the four diﬀerent input amplitudes.
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7.5

A Potential Explanation for the Negative Dispersion

One possible explanation for the negative dispersion in the phase velocity measurements of the cornstarch suspensions would be some type of resonance phenomena
that occurs outside of the experimental bandwidth. Looking at Figures 7.19 and 7.20
it would appear that the attenuation coeﬃcient rises with frequency, whereas the
phase velocity decreases with frequency. The Kramers-Kronig relations show that
this negative dispersion is not consistent with an attenuation coeﬃcient that rises
with frequency. However, if there is a resonance outside the bandwidth that is suﬃciently large, the phase velocity could behave in the manner observed. Earlier work
by this laboratory showed such behavior in distributions of polystyrene microspheres
(Mobley et al., 1999). Large resonances were observed in the attenuation and phase
velocity data (see Figures 7.15 and 7.16) that caused the phase velocity to decrease
with frequency over portions of the bandwidth where the attenuation coeﬃcient rose
as function of frequency (see Figures 7.19 and 7.20).

7.5.1

Theoretical Derivation

For a suspension of particles, the phase velocity and attenuation coeﬃcient can
be connected to the scattering properties of individual particles using the Waterman
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and Truell dispersion relation shown in Equation 7.2
Ks = k w

��

2πη
1 + 2 f (0)
kw

�2

−

�

2πη
f (π)
kw2

�2

(7.2)

where Ks = ω/cs (ω) − iαs (ω) is the complex wavenumber of the suspension, kw =
ω/cw is the wavenumber of the host medium, η is the number density of the particles,
f (0) is the forward scattering amplitude, and f (π) is the back scattering amplitude
(Mobley et al., 1999; Waterman and Truell, 1961). The Waterman and Truell dispersion relation is based on the assumptions that a number of elastic spheres are
uniformly distributed in a random way in a plane (Waterman and Truell, 1961). The
scattering amplitude depends on the radius of the particle, the density of the particle,
the longitudinal and shear speed of sound in the particle, the density and speed of
sound in the fluid, and the frequency of the incident pressure wave (Mobley et al.,
1999). Practically, these scattering amplitudes can be calculated using the theory of
Faran for elastic scattering from a solid sphere (Faran, 1951).
Faran used a matched boundary condition solution for the scattering from a solid
sphere in a fluid (Faran, 1951). Expressions were derived for the pressure and particle
displacement in the fluid and the stress and particle displacement in the solid sphere
(Faran, 1951). At the boundary between the sphere and the surrounding fluid, the
pressure in the fluid and the stress in the solid must be equal, the normal component
of the displacement in the fluid must equal the normal component of the displacement
in the solid, and the tangential components of the shearing stress in the solid must be
equal to zero (Faran, 1951). Ultimately, Faran was determining the scattered pressure
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from the solid sphere in the fluid expressed in Equation 7.3
ps =

∞
�
n=0

cn [jn (k3 r) − inn (k3 r)]cos(nθ)

(7.3)

where jn is the spherical Bessel function of the first kind, nn is the spherical Bessel
function of the second kind, and θ is the scattered angle (0 meaning forward scattering
and π meaning backward scattering).
Using the boundary conditions discussed above, Faran was able to solve for the
expansion coeﬃcients (labeled cn in Equation 7.3). The expression for the solved
expansion coeﬃcients is given by Equation 28 in Faran’s paper (Faran, 1951). Mobley
et al. also refer to expansion coeﬃcients (labeled Dn ) that are defined in terms of
the Faran expansion coeﬃcients (Mobley et al., 1999). These expansion coeﬃcients
depend on the same physical parameters as the scattering amplitudes and can be
related to the scattering amplitude using Equation 7.4
∞
i �
(2n + 1)Dn Pn (cos(θ))
f (θ) =
kw n=0

(7.4)

where Pn (cos(θ)) are the Legendre polynomials (Mobley et al., 1999).
For the polystyrene microsphere suspensions investigated in the Mobley et al.
work, the scattering amplitude can be constrained as expressed in Equation 7.5.
2πη
|f (θ)| � 1, (θ = 0 or π)
kw2

(7.5)

This constraint can arise from a number of diﬀerent factors including weak scattering
amplitude, small number density of scatterers, and high frequency (Mobley et al.,
1999). Using Equation 7.5 to simplify the Waterman and Truell dispersion relation
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from Equation 7.2 leads to Equation 7.6
ω
ω
2πηcw
− iαs (ω) ∼
+
f (0)
=
cs (ω)
cw
ω

(7.6)

The real plus imaginary nature of the right hand side of the equation is implicit in
the scattering amplitude. Using Equation 7.4 and equating the real and imaginary
parts of Equation 7.6 leads to expressions for the theoretical attenuation coeﬃcient
and phase velocity for a suspension of spheres. These two derived relations are shown
in Equations 7.7 and 7.8.
∞

2πηc2w �
αs (ω) = −
(2n + 1)Re[Dn (ω)]
ω 2 n=0
�
�−1
∞
2πηc3w �
cs (ω) = cw 1 −
(2n + 1)Im(Dn (ω))
ω 3 n=0

(7.7)

(7.8)

Equations 7.7 and 7.8 in combination with the information from Table 7.5 was
used to reproduce the 40 µm and 50 µm theoretical phase velocity and attenuation
coeﬃcient shown in Figures 4 and 5 of the Mobley et al. paper (Mobley et al., 1999).
The calculated phase velocity and attenuation coeﬃcient for an approximately 40 µm
suspension of polystyrene microspheres are shown in Figures 7.16 and 7.15. The same
figures for the 50 µm polystyrene microspheres are shown in Figures 7.18 and 7.17.
Overall, good agreement was found between the calculated parameters shown in the
figures and the same parameters plotted in Figures 4 and 5 of the Mobley et al. paper
(Mobley et al., 1999).
There are some slight diﬀerences between the calculations in this thesis and those
seen in the Mobley et al. paper. The Mobley et al. paper used an adjustable parameter to match the absolute magnitude of the phase velocity to the experimentally
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Theoretical Parameters

Value of Parameter

Phase Velocity of

1480 m/s

Host Medium (cw )
Phase Velocity of

2380 m/s

Microspheres (cs )
Density of Host Medium (ρw )

1000 kg/m3

Density of Microspheres (ρs )

1060 kg/m3

Poisson Ratio of Microspheres

0.34

Mean Microsphere Radius

40.4 µm
50.6 µm

Number Density of Microspheres

1.4 ∗ 10

11

spheres/m3 (40 µm)

1.3 ∗ 1011 spheres/m3 (50 µm)
Table 7.5: The parameters necessary for the theoretical calculation of the phase
velocity and the attenuation coeﬃcient of a distribution of microspheres in Isoton.
(Mobley et al., 1999; Hall et al., 1997)
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measured phase velocity (Mobley et al., 1999). The calculations shown in this thesis
did not use this adjustable parameter, so the magnitudes of the two calculations do
not match perfectly. The Mobley results were calculated for a distribution of microsphere sizes close to the mean size, whereas the calculations in this thesis assumed
that the distribution could be characterized by assuming all of the spheres had the
mean diameter given in Table 7.5 (Mobley et al., 1999). In the previous work, the
distributions in size for both the 40 µm and 50 µm microspheres were small (standard
deviations of 4.0 and 6.4 µm) and thus this diﬀerence did not have a large eﬀect on
the calculation (Hall et al., 1997).
The attenuation coeﬃcient and the phase velocity for the 50 µm diameter microspheres is plotted over a more limited bandwidth from 4 to 8 MHz used in the
current experimental measurements in Figures 7.19 and 7.20. What can be seen from
the figures is that over this limited bandwidth the attenuation coeﬃcient increases
with frequency, whereas the phase velocity decreases with frequency. The seemingly
negative dispersion may arise over this limited bandwidth because of the resonances
far outside the bandwidth. If measurements were only made over this limited portion of the bandwidth, then the results would also appear to violate the band-limited
Kramers-Kronig relations.
In order to do the calculation with cornstarch in density-matched cesium chloride the relevant physical and ultrasonic parameters displayed in Table 7.6 had to be
determined. The calculation was done for a 20% cornstarch suspension in a 51.5%
cesium chloride solution. The phase velocity and density of the host medium (51.5%
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Figure 7.15: The theoretical attenuation coeﬃcient calculated for 40 µm diameter
polystyrene microspheres in a liquid.
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Figure 7.16: The theoretical phase velocity calculated for 40 µm diameter
polystyrene microspheres in a liquid.
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Figure 7.17: The theoretical attenuation coeﬃcient calculated for 50 µm diameter
polystyrene microspheres in a liquid.
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Figure 7.18: The theoretical phase velocity calculated for 50 µm diameter
polystyrene microspheres in a liquid.
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Figure 7.19: The theoretical attenuation coeﬃcient calculated for 50 µm diameter
polystyrene microspheres in a liquid over a bandwidth from 4 to 8 MHz.

cesium chloride in distilled water) were measured experimentally as described in Section 3.3. The density of a cornstarch granule and poisson ratio of a cornstarch granule
were determined from the literature (Flores et al., 2007; Fall et al., 2008). The mean
cornstarch radius was measured as described in Section 3.2. The group velocity measurements of the cornstarch suspension discussed in Chapter 4 were necessary for the
determination of the phase velocity in cornstarch,. With this group velocity data,
Dr. Jonathan Katz inferred the phase velocity in the cornstarch particles using an
approach described in Section 6.7.5 (Katz, 2012). The number density of the cornstarch particles was determined from assuming that all of the cornstarch particles had
a diameter of 13 µm and calculating the volume of one particle. The total volume of
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Figure 7.20: The theoretical phase velocity calculated for 50 µm diameter
polystyrene microspheres in a liquid over a bandwidth from 4 to 8 MHz. Negative
dispersion is observed over this limited bandwidth.

210

7.5 A Potential Explanation for the Negative Dispersion
cornstarch added to the suspension was found and from the knowledge of the volume
of one cornstarch particle and the total volume in the solution the number density
of the particles was calculated. Of the parameters shown in Table 7.6, the phase
velocity in the cornstarch, the poisson ratio of the cornstarch and the number density
of the cornstarch granules are the three parameters that have the most potential for
variability. These three parameters are estimated as accurately as possible, but are
not as well known as the other parameters that were either experimentally measured
or well established in the literature.
In comparing the calculated number density of the cornstarch particles to the
number density of the polystyrene microspheres a number of factors must be taken
into account. The volume concentration of the cornstarch suspension was 20% while
the volume concentration of the microspheres was 1%. The cornstarch particles are
also more than a factor of three smaller in diameter than the smallest microsphere and
thus many more cornstarch particles could fit into the volume. After considering these
diﬀerences, one finds that the calculated number density seems relatively reasonable
for the calculation.
The results of the theoretical calculation of the attenuation coeﬃcient and phase
velocity in the 20% cornstarch suspensions in 51.5% cesium chloride brine are shown
in Figures 7.21 and 7.22. In order to observe the resonance, the calculation was
extended over a wider frequency range than the microsphere calculation. Figures
7.15 and 7.17 show that the first resonance peak in the attenuation coeﬃcient moves
higher in frequency as the diameter of the spheres in the suspension get smaller.
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Theoretical Parameters

Value of Parameter

Source

Phase Velocity of

1483 m/s

Experimentally Measured

2700 m/s

Inferred from Measurement

Host Medium (cw )
Phase Velocity of
Cornstarch (cs )
Density of Host Medium (ρw )

1620 kg/m3

Experimentally Measured

3

Density of Cornstarch (ρs )

1620 kg/m

(Fall et al., 2008)

Poisson Ratio of Cornstarch

0.3

(Flores et al., 2007)

Mean Cornstarch Radius

7 µm

Experimentally Measured

Number Density of Cornstarch

1.8 ∗ 1014 particles/m3

Calculated

Table 7.6: The parameters necessary for the theoretical calculation of the phase
velocity and the attenuation coeﬃcient of the cornstarch in density-matched cesium
chloride brine.

From this evidence, the even higher frequency peak calculated for the cornstarch
particles should be expected. For the 40 µm diameter polystyrene microspheres the
first resonance peak is at approximately 18 MHz, while for the cornstarch particles
(13 µm diameter) the first resonance peak occurs at about 65 MHz. The calculation
was also repeated with the density of the cornstarch granules set to 1.62 g/cm3 (the
density measured for the cornstarch granules in Section 3.3). The results of that
calculation were consistent with the results shown in this thesis.
In order to see whether a large resonance predicted by the theory could lead to
the negative dispersion seen in the experimental data, the theoretical attenuation
coeﬃcient and phase velocity were plotted over the same bandwidth as the experimental measurements (4 to 8 MHz) in Figures 7.23 and 7.24. The large resonance
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Figure 7.21: The theoretical attenuation coeﬃcient calculated for a 20% cornstarch
suspension in 51.5% cesium chloride brine over a range of frequency from 3 to 100
MHz.

peak predicted by the theory for the cornstarch suspension could lead to the observed
negative dispersion in the data. Experimental measurements of the attenuation coefficient and phase velocity for a 20% cornstarch suspension in 51.5% cesium chloride
solution are plotted in Figures 7.25 and 7.26 to permit a comparison between the
theory and experiment. The point of this comparison is not to compare the detailed
magnitudes of the theory and the experiment but to look at the overall trends. Considering the limitations discussed for the calculation of the theoretical attenuation
coeﬃcient and phase velocity in the cornstarch suspension, reasonable agreement can
be seen between the theory and the experimental measurements.
The resonances in the attenuation coeﬃcient and phase velocity predicted by the
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Figure 7.22: The theoretical phase velocity calculated for a 20% cornstarch suspension in 51.5% cesium chloride brine over a range of frequency from 3 to 100 MHz.

theory are due to surface waves specific to the interface between a solid and liquid
(Mobley, 1998; Hay and Schaafsma, 1989). One paper in the literature looked at
these resonances in both polystyrene microspheres and glass microspheres (Hay and
Schaafsma, 1989). This study found that while large resonances exist for both types of
microspheres, these resonances are much more pronounced in the plastic than in the
glass (Hay and Schaafsma, 1989). The prevailing hypothesis is that the key element
resulting in these large resonances is that the shear wave speed in the scatterer is
lower than the speed of sound in water (Hay and Schaafsma, 1989; Mobley, 1998).
The shear wave speed of plastic is less than the speed of sound in water, whereas the
shear wave speed in glass is approximately twice the speed of sound in water (Hay
and Schaafsma, 1989; Mobley, 1998). These measurements have also been made on
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Figure 7.23: The theoretical attenuation coeﬃcient calculated for a 20% cornstarch
suspension in 51.5% cesium chloride brine over the experimental bandwidth from 4
to 8 MHz.
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Figure 7.24: The theoretical phase velocity calculated for a 20% cornstarch suspension in 51.5% cesium chloride brine over over the experimental bandwidth from 4
to 8 MHz.
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Figure 7.25: A comparison between the experimentally measured attenuation coeﬃcient and the theoretically calculated attenuation coeﬃcient for a 20% cornstarch
in 51.5% cesium chloride brine over the experimental bandwidth from 4 to 8 MHz.
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Figure 7.26: A comparison between the experimentally measured phase velocity
and the theoretically calculated phase velocity for a 20% cornstarch in 51.5% cesium
chloride brine over the experimental bandwidth from 4 to 8 MHz.
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porous particles of titania aggregate of several diﬀerent diameters (Richter et al.,
2006). This work also found resonances in the attenuation data that moved higher in
frequency as the diameter of the particles decreased (Richter et al., 2006).

7.5.2

Dielectric Relaxations

An analogous example of negative dispersion explained by large resonances has
been reported in optical measurements of the index of refraction as a function of
wavelength. In optics, the phase velocity in a medium can be defined using Equation
7.9
v=

c
n

(7.9)

where c is the speed of light in a vacuum and n is the index of refraction for that
particular medium (Guenther, 1990) . “Normal” optical dispersion occurs when the
index of refraction decreases for increasing wavelength (Guenther, 1990). This is
equivalent to stating that for typical optical media the phase velocity decreases for
increasing frequency ( “Anomalous dispersion” in optics occurs when the phase velocity increases for increasing frequency. As a consequence, the word “anomalous”
is used diﬀerently in the optical literature than it is in this thesis and in earlier reports from our laboratory (Anderson et al., 2008; Bauer et al., 2008; Marutyan et al.,
2006)).
The Sellmeier equation is used in optics to connect the index of refraction and
wavelength for a particular medium (Guenther, 1990). The most common form of
the Sellmeier Equation for glasses is of the form of Equation 7.10, because glasses are
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known to have three large resonances
B 1 λ2
B 2 λ2
B 3 λ2
n (λ) = 1 + 2
+
+
λ − C 1 λ2 − C 2 λ2 − C 3
2

where B1,2,3 are the strengths of the absorption resonances and

(7.10)
�
C1,2,3 is the wave-

length of that resonances (Guenther, 1990). The actual values of B1,2,3 and

�

C1,2,3

are found from fitting the Sellmeier equation to the experimental data. The index of
refraction is related to the dielectric constant of the medium by Equation 7.11
c
n= =
v

�

�µ
≈
� 0 µ0

�

�
�0

(7.11)

where � is the dielectric constant in the medium, µ is permeability of the medium, �0
is the permittivity of free space and µ0 is the permeability of free space (Guenther,
1990). The index of refraction can be approximated as the square root of the dielectric
constant as long as magnetic materials are not considered (Guenther, 1990). In the
case of glasses, large dielectric relaxations explain the negative dispersion found in
the optical spectrum (Guenther, 1990).
Interestingly, cornstarch suspensions may also display large dielectric relaxations
at frequencies well outside the bandwidth of the ultrasonic measurement. At least
three dielectric relaxations have been measured in wheat starch slurries of similar
concentrations to the ones examined in this thesis in a bandwidth between 0.2 and
20 GHz (Motwani et al., 2012). One of these resonances is due to the bulk water in
the system and the other two resonances are attributed to confined water molecules
in the starch-water system due to the porosity of the starch (Motwani et al., 2012).
Wheat starch and corn starch are similar starches and thus it seems reasonable to
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expect that the results extend to corn starch particles.

7.6

Conclusion

The negative dispersion in the cornstarch suspensions initially appeared to be
inconsistent with the band-limited Kramers-Kronig relations. To rule out experimental artifacts, a series of controlled studies were carried out. Careful measurements
were taken of the phase velocity in two types of plastic with diﬀerent attenuation
properties and in a viscous liquid. The data were shown to be consistent with the
Kramers-Kronig predictions. Then nonlinear eﬀects were explored as a possible explanation for the negative dispersion. Careful measurements showed that the negative
dispersion was not dependent on the input pulse amplitude. Subsequently, a theory
explaining resonances found in suspensions of plastic microspheres was evaluated.
The theoretical attenuation coeﬃcient and phase velocity were calculated for an example cornstarch suspension. The theory predicted large resonances outside of the
measured bandwidth that would result in an attenuation coeﬃcient that rises with
frequency and a phase velocity that decreases with frequency. The explanation is
analogous to that given for explaining the eﬀect that large dielectric relaxations have
on optical dispersion. The theoretical explanations of the negative dispersion discussed in this chapter provides some insight into the initially surprising results of the
phase velocity measurements.
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Chapter 8

Backscatter Measurements of
Cornstarch Suspensions

8.1

Preface

This chapter describes the backscatter measurements made on suspensions of cornstarch in a density-matched cesium chloride and water solution. The chapter begins
by describing the experimental technique necessary to make the backscatter measurements. The analysis methods required to determine the fully-reduced, frequency
dependent backscatter coeﬃcient are discussed in detail. The results of the backscatter measurements on 10%, 20%, 30%, and 40% concentrations of cornstarch suspensions in a 51.5% cesium chloride in water solution are reported. The experimental
results are explained with a theory that has been used to explain the concentration
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Figure 8.1: The experimental setup for the backscatter measurement. The transducer is aligned with the steel reflector for the reference measurement. For the backscatter measurement, the transducer is translated back a known distance, so that the
focus of the transducer is just inside the front wall of the sample.

dependence of the backscatter coeﬃcient of red blood cells.

8.2

Backscatter Methods

The backscatter measurements of the cornstarch suspensions were made using a
slightly modified version of the typical technique (Yang et al., 2007). The experimental setup is shown in Figure 8.1. For the reference measurement, the transducer
is aligned with the steel reflector and a single trace is saved. An example reference
trace is shown in Figure 8.2. The transducer is then moved back a known distance
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Figure 8.2: An example reference trace for the backscatter measurement is plotted.

(slightly less than the sample thickness), so that the focus of the transducer is just
inside the front wall of the sample. Before the backscatter traces were acquired, the
sample was agitated in order to make the suspension as homogeneous as possible for
the measurement. No spatial averaging or time averaging was used for the backscatter
measurement, because of the motion of the liquid suspension within the sample mold.
For each sample, at least 150 backscatter traces were acquired in quick succession (all
traces were acquired within 5 minutes of the beginning of data acquisition). For the
backscatter acquisitions, the input attenuation into the system was set to 40 dB lower
than for the acquisition of the reference trace in order to accommodate the weaker
signals associated with the backscatter measurements. An example backscatter trace
is displayed in Figure 8.3.
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Figure 8.3: An example backscatter trace is shown. The front wall signal and back
wall signal of the sample are labeled.
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8.3

Backscatter Analysis

The backscatter coeﬃcient is the parameter of interest for the backscatter measurements. The fully-reduced backscatter coeﬃcient is expressed in Equation 8.1

Backscatter Coeﬃcient = ABTF(f )∗(Atten Comp)∗(Diﬀract Comp)∗(Reflect and Trans Loss Com
(8.1)
where ABTF(f ) is the apparent backscatter transfer function, “Atten Comp” is the
attenuation compensation function, “Diﬀract Comp” is the diﬀraction compensation
function, and “Reflect and Trans Loss Comp” is the reflection and transmission loss
compensation function (Yang et al., 2007). Each component of the backscatter coefficient will be discussed separately in the next several sections.

8.3.1

Apparent Backscatter Transfer Function

The apparent backscatter transfer function is defined as the power spectrum of
the backscattered signal from the sample normalized by the power spectrum of the
signal from the steel reflector as displayed in Equation 8.2
Apparent Backscatter Transfer Function =

Psamp (f )
Pref (f )

(8.2)

where Psamp (f ) is the power spectrum of the backscattered signal from the sample
and Pref (f ) is the power spectrum of the signal from the steel reflector. The reference power spectrum is determined by first windowing the reference trace using an
appropriate windowing function (Hanning function) before applying a Fast Fourier
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Figure 8.4: An example reference power spectrum is plotted as a function of frequency

transform and determining the squared magnitude. An example reference power spectrum is plotted in Figure 8.4. The sample power spectrum is determined in a similar
way by first windowing a portion of the backscatter signal before finding the squared
magnitude of the Fourier Transform of the windowed signal. An example sample
power spectrum is plotted in Figure 8.5. For the backscatter measurements in this
thesis, the time window was chosen to be 4 µs in length and begins 3 µs after the start
of the front wall signal. The length of the time window for the backscattered signal
was picked in order to balance the need to have a long enough window to allow for
as much data as possible, while at the same time not choosing too long a window, in
which case the eﬀects of attenuation would be apparent over the length of the window
(Trousil, 2002).

The sample power spectra are determined for each acquired back229
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Figure 8.5: An example backscattered sample power spectrum from a cornstarch
suspension is plotted as function of frequency. The variability in the power as a
function of frequency is typical of backscatter measurements.

scatter trace and then averaged together in the linear domain. An example average
sample power spectrum is plotted in Figure 8.6.
The apparent backscatter transfer function was determined with Equation 8.2
plotted in Figure 8.7. In order to provide a single value to summarize the apparent
backscatter transfer function, the apparent integrated backscatter can be determined
by averaging over the useful bandwidth as displayed in Equation 8.3
AIBdB

1
=
∆f

�

fH

ABTFdB (f ) df.

(8.3)

fL

where ∆f = fH − fL (Hoﬀman, 2010). The apparent integrated backscatter of the
example apparent backscatter transfer function was calculated and displayed in Figure
8.8.
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Figure 8.6: The average sample power spectrum from 150 backscatter measurements of a cornstarch suspension in a density-matched cesium chloride solution is
plotted. The reference power spectrum is also plotted.
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Figure 8.7: An example apparent backscatter transfer function is plotted as a
function of frequency.
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Figure 8.8: An example apparent backscatter transfer function is plotted as a
function of frequency. The apparent integrated backscatter is also plotted.

8.3.2

Attenuation Compensation

The attenuation compensation function used for the backscatter measurements in
this thesis was first proposed by Sigelmann and Reid, and then extended to broadband measurements by O’Donnell and Miller (Sigelmann and Reid, 1972; O’Donnell
and Miller, 1981). At the frequencies used for the backscatter measurements in this
thesis, the attenuation due to water is considered negligible (Trousil, 2002). Thus,
the attenuation compensation function must take into account the attenuation that
occurs immediately after the beginning of the front wall signal to the beginning of
the time gate of the backscattered signal, as well as the attenuation within the time
gate itself (O’Donnell and Miller, 1981). The attenuation compensation function is
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Figure 8.9: An example of the (dimensionless) attenuation compensation function
for a 20% cornstarch in 51.5% cesium chloride solution is plotted as a function of
frequency.

given by Equation 8.4
Attenuation Compensation = e4αx0

2αvτ e2αvτ
eαvτ − e−αvτ

(8.4)

where α is the frequency-dependent attenuation coeﬃcient in the sample, x0 is the
distance from the front wall of the sample to the beginning of the time gate, v is
the speed of sound in the sample, and τ is the time gate duration (O’Donnell and
Miller, 1981; Yang et al., 2007). The first term in Equation 8.4 compensates for the
attenuation eﬀects due to the region of the sample between the front wall and the
start of the time gate, whereas the second term in the equation compensates for the
attenuation within the gated region. An example attenuation compensation function
for a 20% cornstarch in a 51.5% cesium chloride solution was plotted in Figure 8.9.
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8.3.3

Diﬀraction Compensation

The diﬀraction eﬀects compensation technique employed in this thesis was first
laid out by Chen et al. (Chen et al., 1997). The compensation is valid under the
following conditions: The reference measurement is made using a perfectly reflecting
steel plate placed in the focal plane of the transducer. The time window for the
backscatter signal must be placed so the focus of the transducer falls within or very
close to it. The pressure gain factor, Gp , given by Equation 8.5 must be larger than
pi for the experimental setup used
Gp =

ka2
2r0

(8.5)

where k is the wavenumber, a is the radius of the transducer, and r0 is the focal
length of the transducer (Chen et al., 1997). For the half inch diameter transducer
with a focal length of approximately two inches and a usable bandwidth of about 4
MHz to 8 MHz used in the backscatter measurements described in this thesis, the
pressure gain factor ranges from a little more than 2π at 4 MHz up to just over 4π
at 8 MHz. Thus, for all of the backscatter measurements made in this thesis, the
diﬀraction eﬀects compensation was of the form given in Equation 8.6
Diﬀraction Compensation =

r02
−1/2
e−(2/π)(Gp /π)
2
(vτ /2)πa E∞

(8.6)

where v is the speed of sound in the medium, τ is the duration of the time gate,
and E∞ is a dimensionless constant equal to 0.46 for the experiments in this thesis
(Chen et al., 1997; Yang et al., 2007). A typical diﬀraction compensation function
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Figure 8.10: An example of the diﬀraction eﬀects compensation function is plotted
as a function of frequency.

for the measurements in this thesis is plotted as a function of frequency in Figure
8.10. The diﬀraction compensation function employed in this thesis contains factor
compensating for the length of the time gate (vτ /2). Thus, the diﬀraction compensation function has units of inverse distance. This form of the diﬀraction compensation
function was employed by both Chen et al. and Yang et al. (Chen et al., 1997;
Yang et al., 2007). Another equivalent compensation employed by Hoﬀman does not
compensate for the gate length as a part of the diﬀraction compensation, but instead
compensates for this factor separately (Hoﬀman, 2010).
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8.3.4

Transmission and Reflection Loss Compensation

The backscatter measurements were compensated for the eﬀects of the transmission loss at the face of the sample and the reflection loss due to the steel reflector
not being a perfect reflector (O’Donnell and Miller, 1981). The intensity reflection
coeﬃcient used for the compensation is given by Equation 8.7
RIw→r =

|Z̃r − Z̃w |2
|Z̃r + Z̃w |2

(8.7)

where Z̃r is the complex acoustic impedance of the steel reflector and Z̃w is the complex acoustic impedance of the water (Trousil, 2002). The intensity transmission
coeﬃcient is complicated by presence of the thin Saran WrapTM windows at the interface between the cornstarch suspension and the water, and thus is given by Equation
8.8
TIw→s→c (f ) = TIc→s→w (f ) =

4Z̃w Z̃c
(Z̃w + Z̃c )2 ∗ cos2 (ks h) + [Z̃s + Z̃w ∗ Z̃c /Z̃s ]2 ∗ sin2 (ks h)

(8.8)

where Z̃c is the complex acoustic impedance of the cornstarch suspension and Z̃s is
the complex acoustic impedance of the Saran WrapTM , ks is the wavenumber in the
Saran WrapTM , and h is the thickness of the Saran WrapTM (Trousil, 2002).
The transmission and reflection loss compensation is given by Equation 8.9
Transmission and Reflection Loss Compensation =

RIw→r
.
[TIw→s→c (f )]2

(8.9)

An example transmission and reflection loss compensation function for a 20% cornstarch suspension in a 51.5% cesium chloride solution is plotted in Figure 8.11.
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Figure 8.11: An example of the transmission and reflection loss compensation
function for a 20% cornstarch suspension in a 51.5% cesium chloride solution is plotted
as a function of frequency.

8.4

Backscatter Coeﬃcient

An example apparent backscatter transfer function in the linear domain for a 20%
cornstarch in 51.5% cesium chloride and water solution was plotted in Figure 8.12.
With Equation 8.1, the apparent backscatter transfer function plotted in Figure 8.12,
the attenuation compensation function plotted in Figure 8.9, the diﬀraction eﬀects
compensation function plotted in Figure 8.10, and the transmission and reflection loss
compensation function plotted in Figure 8.11, an example fully-reduced backscatter
coeﬃcient was plotted as a function of frequency in Figure 8.13.

237

8.4 Backscatter Coeﬃcient

Apparent Backscatter Transfer Function

10

10

10

-5

-6

-7

4

5

6
Frequency (MHz)

7

8

0.01

-1

-1

Backscatter Coefficient (sr cm )

Figure 8.12: An example linear apparent backscatter transfer function of a 20%
cornstarch in 51.5% cesium chloride solution is plotted as a function of frequency.
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Figure 8.13: An example backscatter coeﬃcient of a 20% cornstarch in 51.5%
cesium chloride and water solution is plotted as a function of frequency.
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8.5

Backscatter Measurements

The fully-reduced backscatter coeﬃcient was measured for five 10% cornstarch
suspensions in a 51.5% cesium chloride solution, five 20% cornstarch suspensions in
a 51.5% cesium chloride solution, five 30% cornstarch suspensions in a 51.5% cesium
chloride solution and five 40% cornstarch suspensions in a 51.5% cesium chloride
solution.

8.5.1

10% Cornstarch Suspensions

Backscatter measurements were made on five 10% suspensions of cornstarch in
a 51.5% cesium chloride solution as described in Section 8.2. The apparent backscatter transfer function for each of the samples is plotted in Figure 8.14. The apparent integrated backscatter for each sample is shown in Table 8.1. The apparent
backscatter transfer function for each sample was compensated for attenuation effects, diﬀraction eﬀects, and reflection and transmission loss in order to arrive at the
frequency-dependent backscatter coeﬃcient as described in Section 8.3. The backscatter coeﬃcient as a function of frequency is plotted in Figure 8.15. The backscatter
coeﬃcient at 5 MHz and the frequency exponent of the backscatter coeﬃcient are
shown in Table 8.1.
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Figure 8.14: The apparent backscatter transfer function is plotted for each sample
of 10% cornstarch in a density-matched cesium chloride and water solution. The
standard deviation of each measurement is also plotted for each sample.
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Figure 8.15: The frequency dependent backscatter coeﬃcient is plotted for each
sample of 10% cornstarch in a density-matched cesium chloride and water solution.
The standard deviation of the measurements is also plotted for each sample.
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Concentration

Apparent Integrated Backscatter Coeﬃcient

Frequency

Backscatter (dB)

at 5 MHz (sr−1 cm−1 )

Exponent (fn )

10% Cornstarch #1

-54.8

4.97 * 10−4

3.5

10% Cornstarch #2

-53.7

5.46 * 10−4

3.6

-53.8

5.18 * 10

−4

3.3

−4

3.1

10% Cornstarch #3
10% Cornstarch #4

-54.5

4.71 * 10

10% Cornstarch #5

-54.1

5.05 * 10−4

3.5

Average

-54.2 ± 0.5

5.07 * 10−4 ± 2.8 * 10−5

3.4 ± 0.2

Table 8.1: The apparent integrated backscatter, backscatter coeﬃcient at 5 MHz,
and frequency exponent for each 10% cornstarch suspension is given.

8.5.2

20% Cornstarch Suspensions

Backscatter measurements were made on five 20% suspensions of cornstarch in a
51.5% cesium chloride and water solution as described in Section 8.2. The apparent
backscatter transfer function for each of the samples is plotted in Figure 8.16. The apparent integrated backscatter for each sample is shown in Table 8.2. The backscatter
coeﬃcient was determined from the apparent backscatter transfer function for each
sample by compensating for the eﬀects of attenuation, diﬀraction, and reflection and
transmission loss. The backscatter coeﬃcient as a function of frequency is plotted in
Figure 8.17, and the backscatter coeﬃcient at 5 MHz and the frequency exponent of
the backscatter coeﬃcient are shown in Table 8.2.
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Figure 8.16: The apparent backscatter transfer function is plotted for each sample
of 20% cornstarch in a density-matched cesium chloride and water solution. The
standard deviation of the measurements is also plotted for each sample.
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Figure 8.17: The frequency dependent backscatter coeﬃcient is plotted for each
sample of 20% cornstarch in a density-matched cesium chloride and water solution.
The standard deviation of the measurements is also plotted for each sample.
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Concentration

Apparent Integrated Backscatter Coeﬃcient

Frequency

Backscatter (dB)

at 5 MHz (sr−1 cm−1 )

Exponent (fn )

20% Cornstarch #1

-57.3

3.72 * 10−4

3.9

20% Cornstarch #2

-56.8

4.60 * 10−4

3.9

-57.1

3.81 * 10

−4

3.7

−4

3.3

20% Cornstarch #3
20% Cornstarch #4

-56.4

4.17 * 10

20% Cornstarch #5

-55.8

4.34 * 10−4

3.6

Average

-56.7 ± 0.6

4.13 * 10−4 ± 3.6 * 10−5

3.7 ± 0.2

Table 8.2: The apparent integrated backscatter, backscatter coeﬃcient at 5 MHz,
and frequency exponent for each 20% cornstarch suspension is given.

8.5.3

30% Cornstarch Suspensions

Backscatter measurements were made on five 30% suspensions of cornstarch in a
51.5% cesium chloride solution as described in Section 8.2. The apparent backscatter
transfer function for each of the samples is plotted in Figure 8.18. The apparent integrated backscatter for each sample is shown in Table 8.3. The apparent backscatter
transfer function for each sample was compensated for attenuation eﬀects, diﬀraction
eﬀects, and reflection and transmission loss in order to arrive at the frequency dependent backscatter coeﬃcient as described in Section 8.3. The backscatter coeﬃcient
as a function of frequency is plotted in Figure 8.19. The backscatter coeﬃcient at 5
MHz and the frequency exponent of the backscatter coeﬃcient are shown in Table
8.3.
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Figure 8.18: The apparent backscatter transfer function is plotted for each sample
of 30% cornstarch in a density-matched cesium chloride and water solution. The
standard deviation of the measurements is also plotted for each sample.
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Figure 8.19: The frequency dependent backscatter coeﬃcient is plotted for each
sample of 30% cornstarch in a density-matched cesium chloride and water solution.
The standard deviation of the measurements is also plotted for each sample.
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Concentration

Apparent Integrated Backscatter Coeﬃcient

Frequency

Backscatter (dB)

at 5 MHz (sr−1 cm−1 )

Exponent (fn )

30% Cornstarch #1

-62.3

3.06 * 10−4

2.6

30% Cornstarch #2

-61.9

3.39 * 10−4

2.2

-62.1

2.88 * 10

−4

2.7

−4

3.0

30% Cornstarch #3
30% Cornstarch #4

-62.0

2.84 * 10

30% Cornstarch #5

-62.7

2.43 * 10−4

3.2

Average

-62.2 ± 0.3

2.92 * 10−4 ± 3.5 * 10−5

2.7 ± 0.4

Table 8.3: The apparent integrated backscatter, backscatter coeﬃcient at 5 MHz,
and frequency exponent for each 30% cornstarch suspension is given.

8.5.4

40% Cornstarch Suspensions

Backscatter measurements were made on five 40% suspensions of cornstarch in a
51.5% cesium chloride solution as described in Section 8.2. The apparent backscatter
transfer function for each of the samples is plotted in Figure 8.20. The apparent
backscatter transfer function for each sample was compensated for attenuation effects, diﬀraction eﬀects, and reflection and transmission loss in order to arrive at the
frequency dependent backscatter coeﬃcient. The backscatter coeﬃcient as a function
of frequency is plotted in Figure 8.21. The apparent integrated backscatter, the backscatter coeﬃcient at 5 MHz, and the frequency exponent of the backscatter coeﬃcient
are displayed in Table 8.4.
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Figure 8.20: The apparent backscatter transfer function is plotted for each sample
of 40% cornstarch in a density-matched cesium chloride and water solution. The
standard deviation of the measurements is also plotted for each sample.
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Figure 8.21: The frequency dependent backscatter coeﬃcient is plotted for each
sample of 40% cornstarch in a density-matched cesium chloride and water solution.
The standard deviation of the measurements is also plotted for each sample.
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Concentration

Apparent Integrated Backscatter Coeﬃcient

Frequency

Backscatter (dB)

at 5 MHz (sr−1 cm−1 )

Exponent (fn )

40% Cornstarch #1

-67.3

4.83 * 10−4

2.5

40% Cornstarch #2

-67.5

4.90 * 10−4

2.4

-67.5

3.00 * 10

−4

2.2

−4

2.2

40% Cornstarch #3
40% Cornstarch #4

-66.3

3.36 * 10

40% Cornstarch #5

-66.2

3.28 * 10−4

2.4

Average

-67.0 ± 0.7

3.87 * 10−4 ± 9.1 * 10−5

2.3 ± 0.1

Table 8.4: The apparent integrated backscatter, backscatter coeﬃcient at 5 MHz,
and frequency exponent for each 40% cornstarch suspension is given

8.5.5

Backscatter Coeﬃcient Comparison

The average backscatter coeﬃcient measured for the 10%, 20%, and 30% concentration is plotted in Figure 8.22. As can be seen from the figure, the backscatter
coeﬃcient decreases as the concentration of cornstarch increases. This result is reminiscent of the results found for measurements of the backscatter coeﬃcient of red
blood cells over a similar range of concentrations (Yuan and Shung, 1988). At these
relatively high concentrations of scatterers, the backscatter coeﬃcient is no longer
proportional to the scatterer concentration, because the scatterers can no longer be
considered randomly distributed (Chen and Zagzebski, 1996).
A theoretical backscatter coeﬃcient can be determined for spherical scatterers
whose radius is much smaller than the incident wavelength using Equation 8.10
η=

W0 (1 − W0 )4 σbs
(1 + 2W0 )2 V
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Figure 8.22: The average frequency-dependent backscatter coeﬃcient is plotted
for the 10%, 20%, and 30% cornstarch suspensions. The standard deviation of the
measurements is also plotted for each sample.

where σbs is the backscattering cross section, W0 is the volume concentration of the
scatterers, and V is the volume of a scatterer (Yuan and Shung, 1988; Lucas and
Twersky, 1987; Twersky, 1978). The backscattering cross section at 5 MHz can be
found using Faran’s theory for spherical scatterers and the properties of a cornstarch
particle given by Table 8.5. The volume concentration of the cornstarch was equivalent to the concentrations by mass reported in this chapter, because the suspension
was density-matched. The volume of one cornstarch granule was determined by assuming that the cornstarch granules were a sphere with a radius of 7 µm.

The

theoretical backscatter coeﬃcient at 5 MHz as a function of the volumetric concentration is plotted in Figure 8.23. The theoretical backscatter coeﬃcient at 5 MHz
was then compared to the average backscatter coeﬃcient at 5 MHz for the 10% cornstarch suspension, the 20% cornstarch suspension and the 30% cornstarch suspension
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Theoretical Parameters

Value of Parameter

Source

Phase Velocity of

1483 m/s

Experimentally Measured

2700 m/s

Inferred from Measurement

Density of Host Medium (ρw )

1620 kg/m3

(Washburn, 1928)

Density of Cornstarch (ρs )

1620 kg/m3

Experimentally Measured

Poisson Ratio of Cornstarch

0.3

(Flores et al., 2007)

Mean Cornstarch Radius

7 µm

Experimentally Measured

Host Medium (cw )
Phase Velocity of
Cornstarch (cs )

8x10

-4

-1

-1

Backscatter Coefficient (sr cm )

Table 8.5: The parameters necessary for the theoretical calculation of the backscattering cross section of the cornstarch suspended in density-matched cesium chloride
brine.
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Figure 8.23: The theoretical backscatter coeﬃcient at 5 MHz as a function of the
volumetric concentration of cornstarch is plotted.
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Figure 8.24: The theoretical backscatter coeﬃcient at 5 MHz as a function of
the volumetric concentration of cornstarch is plotted along with the experimentally
measured backscatter coeﬃcient at 5 MHz for three concentrations of cornstarch
suspensions.

as shown in Figure 8.24. The trend for both the theoretical and the experimental data
agree across this range of concentrations. The lack of detailed quantitative agreement
between the theory and experiment is very similar to what was found for red blood
cells (Yuan and Shung, 1988). Furthermore, the theory assumes spherical scatterers
of a single diameter and thus exact quantitative agreement between the theory and
the experiment would be expected.
In order to further confirm the theoretical prediction of the dependence of the
backscatter coeﬃcient on concentration of cornstarch, the backscatter coeﬃcient was
measured for one sample of a 1% suspension of cornstarch in a 51.5% cesium chloride
and water solution, a 2% suspension of cornstarch in a 51.5% cesium chloride and
water solution, and a 5% suspension of cornstarch in a 51.5% cesium chloride solution.
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Figure 8.25: The theoretical backscatter coeﬃcient at 5 MHz as a function of volumetric concentration of cornstarch plotted along with the experimentally measured
backscatter coeﬃcient at 5 MHz for several concentrations of cornstarch suspensions.

The backscatter coeﬃcient at 5 MHz for each of these samples was plotted in Figure
8.25. As can be seen from the figure, the backscatter coeﬃcient at 5 MHz measured
for the three samples at lower concentrations seems to suggest that the theory can
adequately explain the experimental results.
The average backscatter coeﬃcient at a concentration of 40% cornstarch is plotted
as a function of frequency along with the average backscatter coeﬃcients for the
10%, 20%, and 30% cornstarch suspensions in Figure 8.26. As can be seen from
the figure, the 40% cornstarch results are substantially more variable and do not
follow the trend seen for the other concentrations of cornstarch. The backscatter
results at this concentration are still reasonable, but the diﬃculty of maintaining a
homogeneous sample at a concentration of 40% cornstarch increases the uncertainty
in the measurements. Thus, it is not surprising that the results at 40% do not follow
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Figure 8.26: The average frequency-dependent backscatter coeﬃcient is plotted for
the 10%, 20%, 30% and 40%cornstarch suspensions. The standard deviation of the
measurements is also plotted for each sample.

the trend found at the lower concentrations.

8.6

Conclusion

This chapter described the experimental measurement method and the analysis
method necessary to determine the fully-reduced, frequency-dependent backscatter
coeﬃcient. The measurements of the frequency-dependent backscatter coeﬃcient for
each concentration of cornstarch suspension studied were presented. The experimental results were explained in terms of a theory used to model the backscatter coeﬃcient
of densely packed spherical particles.
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Chapter 9

Summary and Concluding Remarks

This dissertation described the characterization of a suspension capable of discontinuous shear thickening. An aqueous suspension of cornstarch is the classic exemplar
of such physical systems. The physics underlying the behavior of such shear thickening suspensions is incompletely understood. Characterization of these suspensions
with ultrasound may provide valuable clues into the underlying mechanisms that result in shear thickening behavior. The goal of this thesis was to characterize the
acoustic properties of suspensions of cornstarch.
A review of the literature indicated that only limited information concerning the
ultrasonic characteristics of suspensions and slurries of starches had been reported
and almost none outside of that discussing the monitoring of gelatinization.
Preliminary experiments determined the physical properties of the cornstarch itself, such as its particle size and density, and the reproducibility of the suspension254

making process was examined. Quantitative rheological measurements were made on
suspensions of cornstarch in oil; qualitative measurements made on suspensions of
cornstarch in water were found to be consistent with literature reports.
The specific experimental techniques and methods of analysis for each type of
measurement were individually discussed, developed, and validated. Ultrasonic measurement of the group velocity, the frequency-dependent attenuation properties, the
frequency-dependent phase velocity, and the frequency-dependent backscatter properties of the suspensions of cornstarch were reported. Counterintuitive results including
negative dispersion and a decrease in the measured backscatter coeﬃcient with increasing particle concentration were understood in terms of widely accepted physical
models including internal relaxation processes inferred from dielectric spectroscopy.
In sum, these studies advance the understanding of the physics of cornstarch
suspensions and lay the groundwork for future studies probing the physics of the
shear thickening.
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